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ABSTRACT

Earth System Models (ESMs) are our most comprehensive tools for projecting future climate impacts across
the land, ocean, and atmosphere, yet their extreme computational costs limit their ability to survey the vast
space of potential emissions trajectories. Climate emulators—reduced-order models that reproduce the
statistics of these full-scale models in a fraction of the time—are poised to fill this scenario-assessment gap.
Despite the rapid uptake of emulators in many domains, motivated in part by the broader machine learning
(ML) revolution, many questions around their theoretical underpinnings, physical consistency, and ultimate
utility for areas like impact assessment remain.

In this thesis, we first address the lack of a comprehensive theoretical basis for emulators by developing
a framework that enables fundamental methodological comparisons. This framework connects disparate
emulation techniques via ideas from statistical mechanics and stochastic calculus, and we apply it to
understand potential sources of emulator error, focusing on memory effects, hidden variables, system noise,
and nonlinearities. We discuss optimal use cases for a number of emulation techniques in light of these
potential sources of error, along with implications for ESMs based on our pedagogical model results. Based
on these findings, we then address emulator physical consistency and extrapolative skill. While efforts to
improve emulator generalizability typically focus on the design of more complex ML architectures, we show
that the training data itself is a major bottleneck for predictive skill. We introduce a method to generate
optimal training data by iteratively updating an initial emissions trajectory to maximize emulator skill,
showcasing applications to simple and intermediate-complexity climate models. An emulator trained on just
one or two of these optimized scenarios outperforms one trained on six standard ScenarioMIP pathways. We
achieve higher predictive skill despite training on a smaller dataset, and find that our emulators successfully
isolate the distinct physical behaviors of different climate forcing agents (e.g., greenhouse gases vs. aerosols)
without training on single-forcing runs. To support these theoretical and methodological improvements,
we conclude by applying a novel, generative Al climate emulator to capture compound climate hazards
like wet-bulb temperature. By coupling the MIT Emissions Predictions and Policy Analysis model to this
emulator, we rapidly generate realizations of spatially- and cross-correlated climate fields. We utilize this
framework to assess local sensitivities to various emissions scenarios, including an early assessment of
the projected ScenarioMIP-CMIP7 protocol. Furthermore, we demonstrate that temperature overshoot
pathways result in substantially higher cumulative heat stress risks compared to stabilization pathways with
similar end-of-century outcomes. The improvements presented herein democratize access to computational
science and detailed climate projections, enabling the probabilistic assessment of compound climate hazards
essential for robust adaptation planning.

Thesis Supervisor: Noelle E. Selin
Title: Director of the Center for Sustainability Science and Strategy,
Professor of Atmospheric Chemistry

Thesis Supervisor: Glenn R. Flierl
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Introduction

It is unequivocal that human influence has warmed the atmosphere,
ocean and land. Widespread and rapid changes in the atmosphere,
ocean, cryosphere and biosphere have occurred... The scale of recent
changes across the climate system as a whole—and the present state
of many aspects of the climate system—are unprecedented over
many centuries to many thousands of years...

— Intergovernmental Panel on Climate Change

WE LIVE IN A MOMENT OF UNIQUE OPPORTUNITY. As the climate crisis continues
to worsen®, it serves as an unprecedented catalyst for innovation. It
demands we redesign the human experience across all sectors, changing
everything from energy grids and urban spaces to agricultural systems
and water management**, all in the pursuit of a more sustainable
future. Though we can be hopeful in the face of such a challenge, we
must not be blind to its effects. Disease, famine, mass migration, and
loss in biodiversity'">—these are all real damages we see today that
are only projected to increase as we continue emitting. Though our
global atmospheric commons are threatened by human activities, the
impacts of climate change are anything but equitable. The Global South—
responsible for only a small fraction of historical emissions—is projected
to bear the brunt of these impacts'*>*°, while the mid- and high-latitude
nations largely responsible for climate change may actually benefit”.
This further complicates discussions of climate justice, with debates
surrounding both the role of polluters in supporting adaptation and
mitigation efforts and how that role may shift over time as benefits are
redistributed in a warming world*®. Despite the scientific consensus that
climate change will impact humans negatively®, uncertainty remains
around key details, such as where, when, and to what extent.

Resolving these spatial and temporal uncertainties is a prerequisite for
equitable adaptation, but doing so requires an understanding of the
complex physics of our planet. While many of the natural laws that
govern the Earth system are known and can be predicted with high
certainty, the system as a whole is chaotic; infinitesimal perturbations can
lead to vastly different outcomes over time”’. Projecting even the average
behavior of such a system requires many perturbed realizations to isolate
the forced response from internal chaotic noise’’~?. Unfortunately, we
live in and experience only a single realization of the Earth system,
upon which we cannot perform controlled experiments. We are instead
restricted to computational methods to develop our understanding of
the climate. Earth System Models (ESMs) are our most comprehensive
tools to that end.

These simulacra of our natural world are massive systems of partial
differential equations, coupling the atmosphere, land, and ocean to
simulate how anthropogenic emissions of greenhouse gases and aerosols
impact the evolution of climate fields such as temperature, precipitation,
relative humidity, and wind speeds over time®*~°. The complexity and
stochasticity of the coupled climate system lead to three main sources of
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uncertainty in climate projections™:

1. Internal variability: Uncertainty arising from the inherent chaos
of the climate system, which dominates on annual timescales.

2. Model structural uncertainty: Uncertainty in the representation
of the physics and dynamics within a model, which dominates on
annual-to-decadal timescales.

3. Scenario uncertainty: Uncertainty due to human factors, such
as population growth and energy demand, which dominates on
decadal-to-centennial timescales.

Efforts such as the Coupled Model Intercomparison Project (CMIP) have
made great strides towards quantifying model structural uncertainty
under a common set of anthropogenic forcings”-**, while ensemble
modeling strategies enable us to assess both present and future ranges of
internal variability®"***’. However, ESMs are computationally expensive.
For example, simulations with high-resolution ESMs may achieve only
10-20 simulated years per day on several thousand CPU cores, implying
that a 250-year simulation with five ensemble members can require on
the order of weeks of wall-clock time even on large supercomputing
systems*!. When accounting for the time required for model setup, output
processing, and the general delays and restarts that often occur when
running models of this complexity, this estimate quickly balloons to
several months or more***. This severely limits the utility of ESMs in the
context of climate impact assessment, where self-consistent projections
of economic and climate outcomes are used to quantify future risks
under large scenario uncertainty across sectors such as energy, water
resources, and human health”?4?>#-% _To alleviate the computational
bottleneck imposed by the use of ESMs, impact assessment typically
relies on reduced-order models.

Simple Climate Models (SCMs) are one popular choice for rapid assess-
ment of globally averaged scenario uncertainty. These computationally
efficient models represent only a subset of climate processes, generally
through idealized assumptions (e.g., only considering ice-albedo feed-
back and diffusive heat transport)*’—*. While these idealized models
may provide useful scientific insights®°°, their relevance for impact
assessment is limited because their aggregation of climate processes
does not allow for easily interpretable regional outcomes. Earth system
Models of Intermediate Complexity (EMICs) attempt to bridge the gap
between computational efficiency and complexity by providing a more
complete representation of climate processes than an SCM, but at a lower
computational cost than an ESM—a compromise generally at the expense
of spatial resolution”°!. Resolving spatially explicit impacts from an
EMIC then requires an additional downscaling step to map from zonal
to regional outputs®*©°.

It may very well be that entirely different methods for reducing
the computational burden will have to be found in which the full
physical complexity can be retained as needed.

— Schneider and Dickinson, 1974

Seemingly a direct response to this call, climate emulators—data-driven
models that aim to reproduce the statistics of climate fields from full-scale
ESMs—have surged in popularity®*. Their usage in impact assessment is
rapidly expanding®—%%, alongside applications such as attribution and
net-zero pathway comparisonség_n,
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Climate emulators first emerged in the early 1990s with the advent of
pattern scaling, a simple linear regression of local climate variables against
global mean temperature’*. Researchers have consistently improved
the original technique over time, introducing variations that represent
different mixes of greenhouse gases and spatially heterogeneous forcings
(e.g., aerosols)’”, capture seasonal anomalies’®, include a land-sea contrast
term’’, and incorporate zonal temperatures in the regression’®. Despite
its simplicity, pattern scaling has stood the test of time’**’, constituting
the backbone of major present-day emulation efforts®*”. This approach
produces accurate projections assuming exponential and fixed-pattern
forcing, along with linear, time-independent dynamics; these criteria
are roughly satisfied in a number of CMIP experiments’®. Temperature
overshoot scenarios violate these assumptions, causing pattern scaling to
break down in many decision-relevant storylines”.

Impulse response functions, commonly referred to as either response
or Green'’s functions, fill this gap by incorporating forcing history into
the emulator, rather than relying only on instantaneous forcing. They
can accurately represent a number of climate processes®*™> and were
used in the earliest efforts to incorporate climate outcomes into an
Integrated Assessment Model (IAM) to assess the efficacy of short- and
long-term climate policies®**. More recently, response functions have
been utilized to develop better estimates of effective radiative forcing
in climate models®”’, as well as to drive explicit climate emulation
efforts that prioritize overshoot performance’ ”>. Beyond overshoot
scenarios, response functions offer a methodological formalism derived
from statistical mechanics and linear response theory, enabling the
analysis of climate behaviors that pattern scaling cannot replicate®””*”*.
Despite their utility, neither pattern scaling nor response functions can
represent the stochasticity of the climate system or generate spatially
correlated climate fields; these capabilities are required for understanding
compound climate risks due to co-occurring events””°.

Machine Learning (ML) and statistical emulation techniques offer a
promising pathway to overcome these hurdles, particularly due to their
efficiency and ability to capture nonlinear effects. Relatively simple
statistical models demonstrated skill in predicting the forced and un-
forced components of climate variability’’””. However, questions regard-
ing their physical significance and extrapolative ability limited their
widespread adoption. As the field shifted toward more complex ar-
chitectures like convolutional neural networks and diffusion models
(see Bracco et al. (2024)”® for an overview), new challenges emerged.
Specifically, concerns regarding overfitting on internal variability”, a
lack of comprehensive benchmarking datasets'"’!, and broader issues
of interpretability have hindered their practical adoption'’?, though this
is an active area of research in climate!’*'%4. Despite this, recent advances
in generative modeling are shifting the paradigm. By demonstrating high
skill in emulating climate fields with accurate spatial and cross-variable
correlations'’>'"°, these generative approaches effectively bridge the gap
between computational efficiency and cross-variable coherence, making
them well-suited for impact assessment. Although other autoregres-
sive ML techniques exist to emulate the entire atmospheric or oceanic
states'”’~1'?, many of these techniques are unstable on climatic timescales
and remain unproven for impact assessment!! 3114, Consequently, they
fall outside the scope of this thesis.

Applying ML techniques to physical systems is challenging, particularly
regarding generalizability to unseen scenarios and adherence to physical
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laws. Efforts to create physically consistent ML models have largely
focused on architectural improvements, such as embedding governing
equations into loss functions or enforcing hard physical constraints'>~'%!.
Alongside these pure ML advancements, hybrid approaches such as
Neural GCM demonstrate that coupling ML directly with physical solvers
can yield computational savings without sacrificing predictive skill'"”.
However, while these architectural improvements are critical, data design
plays an equally important role in determining whether ML models
capture underlying physics rather than interpolating between observed
states. These techniques include physics-informed feature engineering
(e.g., using nondimensional quantities such as the Reynolds number
instead of raw velocity fields)'??, physics-guided data augmentation that
exploits known invariances or linearity properties'”’, and synthetic data
generation via active learning to place new samples in regions of large
physical error or high model uncertainty'**!?°.

Assessing whether climate emulators respect physical constraints re-
mains challenging, as demonstrating physical consistency requires ex-
trapolating to forcing trajectories distinct from those seen in training. In
practice, however, most studies emphasize in-sample and within-range
performance—where Global Mean Surface Temperature (GMST) or emis-
sions trajectories lie within the training range—with limited emphasis on
structurally out-of-distribution tests®*?*'°’. This gap stems from the high
temporal and computational costs of running ESMs, limiting emulator
developers to the data available via CMIP for training and evaluation.
Concurrently, ESM scenario design for future CMIP efforts is moving
towards emissions-driven experiments and a broader set of forcing
combinations'?®, underscoring the need for emulators responsive to indi-
vidual forcing agents rather than solely to aggregate emission pathways.
Previous work suggests that ScenarioMIP-like experiments, although
standard for emulator training®>'’*!?71?% are not necessarily optimal”.
While running ESMs solely to generate training data offers a promising
alternative®**’, high simulation costs impede both the exploration and
adoption of this approach.

Reliable, physically consistent climate projections are crucial for agriculture

the built environment™’, energy systems®'*!, and the finance and insur-

ance sectors'*1%, all of which face substantial physical and transition
risks from climate change. In this context, emulators have demonstrated
remarkable skill in reproducing impact-relevant variables such as near-
surface air temperature, precipitation, relative humidity, and wind speed
across annual, monthly, and daily timescales®!0491,97,103,105,106,127,133 ' Cyyy-
cially, impact assessment requires both accurately representing local
climate processes and quantifying their uncertainty. Capturing com-
pound climate hazards—such as heat stress (measured by wet-bulb
temperature) and fire risk (driven by Vapor Pressure Deficit (VPD))—
which directly impact metrics like labor productivity'**!%, requires the
sampling of individual realizations with accurate spatial correlations
between variables. Traditional frameworks, such as the MIT Integrated
Global Systems Model (IGSM)°%7#, utilize an ensemble pattern scaling
approach to capture model structural uncertainty. While this framework
links human activity and physical climate response in a self-consistent
manner, it does not allow for the sampling of individual realizations.
Furthermore, this methodology requires the ability to run an EMIC prior
to downscaling, limiting its accessibility.
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Motivated by the need for accessible, physically consistent, and spatially resolved climate data for impact
assessment, this thesis explores the potential of climate emulators to bridge this gap, addressing three main
questions:

1. Under what conditions do structural assumptions cause emulators to fail, and what trade-offs emerge
across different emulation techniques?

Chapter 1 introduces the first concerted effort to develop a theoretical framework to understand the relative
strengths and weaknesses of various climate emulation techniques. Drawing from concepts in statistical
mechanics and stochastic calculus, we perform a fundamental methodological comparison of emulators,
applying our framework to understand potential sources of emulator error: memory effects, hidden variables,
system noise, and nonlinearities. We consider popular emulation techniques such as pattern scaling and
response functions, relating them to less commonly used methods, such as Dynamic Mode Decomposition
(DMD) and the Fluctuation Dissipation Theorem (FDT). To support our theoretical contributions, we provide
practical implementation guidance for each technique. Using pedagogical examples including idealized box
models and a modified Lorenz 63 model, we illustrate the expected errors from each emulation technique
considered. We find that response function-based emulators outperform other techniques, particularly pattern
scaling, across all scenarios tested. Potential benefits and trade-offs from incorporating statistical mechanics
in climate emulation through the use of the FDT are discussed, along with the importance of designing future
scenarios for ESMs with emulation in mind. We argue that large-ensemble experiments utilizing the FDT
could benefit climate modeling and impacts communities. We conclude by discussing optimal use cases for
each emulator, along with implications for ESMs based on our pedagogical model results.

2. To what extent do varying scenario structures constrain or enhance an emulator’s predictive skill?

Chapter 2 builds on a key finding of Chapter 1: the popular Shared Socioeconomic Pathways (SSPs) are
not necessarily the best scenario choice to train an emulator on. Here, we demonstrate that the information
content of the training data itself is a bottleneck for generalization, introducing a methodology to generate
optimal training data. The approach leverages a differentiable simple climate model to calculate the sensitivity
of emulator loss to input emissions trajectories. We apply this framework to both simple and intermediate
complexity climate models, and compare an emulator trained using a dataset optimized for emulator training
against a baseline emulator trained using the proposed ScenarioMIP protocol for the 7th phase of the
Coupled Model Intercomparison Project. Results show that training on just one or two optimal scenarios
outperforms an emulator trained on the ScenarioMIP Priority 1 protocol, achieving higher predictive skill for
a lower computational cost. Combining scenarios from distinct optimization initializations additionally yields
super-linear improvements in skill. Crucially, emulators trained on these optimized trajectories successfully
learn the distinct physical behaviors of individual forcing agents (e.g., greenhouse gases vs. aerosols) despite
never observing them in isolation. This suggests that stress-testing climate models with structurally diverse,
high-frequency forcings enables emulators to learn robust physical patterns that standard scenarios mask.
We discuss extensions of this technique to other domains and suggest that climate modeling centers consider
dedicating resources to scenarios that are well-suited for emulator development.

3. How can operationalizing emulators enhance the assessment of impact-relevant metrics?

Finally, Chapter 3 explores the utility of emulators in bridging the gap between the socio-economic detail of
integrated assessment models and the physical fidelity of ESMs. We present an impact assessment framework
coupling the MIT Emissions Prediction and Policy Analysis (EPPA) model with a generative diffusion-based
climate emulator. This approach rapidly generates realizations of spatially correlated climate fields at a
fraction of the computational cost of an ESM. Benchmarking against a pattern scaling technique utilized by the
MIT IGSM confirms the generative emulator’s ability to reproduce several impact-relevant climate variables.
We utilize this framework to assess regional sensitivities to various socio-economic pathways, including
an early assessment of the proposed ScenarioMIP-CMIP7 protocol. Results show that internal variability
masks spatially explicit differences between globally distinct scenarios (e.g., 2°C vs. 1.5°C). Furthermore, we
demonstrate that temperature overshoot pathways result in substantially higher cumulative heat stress risks
compared to stabilization pathways with similar end-of-century outcomes. This framework democratizes
access to high-resolution climate data, enabling the rapid, probabilistic assessment of compound climate
hazards essential for robust adaptation planning.



A theoretical framework to
understand sources of error in
Earth System Model emulation?”

If the flap of a butterfly’s wings can be instrumental in generating
a tornado, it can equally well be instrumental in preventing a
tornado.

— Edward N. Lorenz

EartH SystEM MobpeLs (ESMs) ARE OUR MOST COMPREHENSIVE TOOLS to
simulate the climate system, yet their high computational cost limits the
range and number of scenarios that can be investigated®**!. Growing
demand for high-quality climate projections which differ from the sce-
narios considered within the Coupled Model Intercomparison Project
(CMIP) drives a need for computationally efficient alternatives®®. Cli-
mate emulators—reduced-order models that reproduce the outputs of
full-scale climate models—have seen a surge in popularity as they can be
many orders of magnitude faster than the parent models'**. Their low
computational costs also make them an appealing tool to disseminate
climate information to audiences beyond the climate science community.

Because of sensitivity to initial conditions, predicting the instantaneous
state of the atmosphere (i.e., the weather) is infeasible beyond short
time horizons®’. Climate emulators must therefore target the statistics of
climate variables, such as means, variances, or higher moments, rather
than simulating chaotic dynamics when approximating the state of the
atmosphere on longer timescales'?’"'*3°. Many emulation techniques
exist to estimate the mean state and/or probability distribution of climate
variables®/>47797100103105137,138 and in this work we explore methods
that emulate the mean state of the system. In a recent review, Tebaldi
et al. (2025)%* distinguished between five main categories of climate
emulators, including linear pattern scaling, statistical approaches, and
machine learning algorithms. Following their categorization, we focus on
linear pattern scaling and its immediate extensions along with dynamical
system/impulse response theory emulators.

In the climate context, the most commonly used emulation technique
is pattern scaling’*. This approach relies on a simple linear regression
of local climate variables (e.g., temperature or precipitation anomaly)
onto the global mean temperature anomaly, where the local variables are
typically averaged over an ensemble of many realizations to capture the
mean state of the predicted climate attractor. Pattern scaling has been used
and studied extensively since its development®®’%”?%? with variations
that capture seasonal anomalies, different mixes of greenhouse gases, and
spatially heterogeneous forcings such as aerosols’””’#?, This approach
produces accurate projections assuming exponential and fixed-pattern
forcing, linear feedbacks, and linear and time-independent dynamics,
criteria that are roughly satisfied in a number of CMIP experiments™.
Memory effects in overshoot scenarios (forcing history, rather than only
instantaneous forcing, affecting a future state) represent one way these
assumptions can be violated, causing this approach to break down for
many decision-relevant scenarios.
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Impulse response methods, commonly referred to as either response or
Green’s functions, address this limitation by encoding forcing history
into the emulator, rather than relying only on the instantaneous forcing.
These techniques have been studied thoroughly in the contexts of dynam-
ical systems and climate science®*#4509%13%140 ‘and are an active area of
research'’*. Response functions are popular due to their ease of inter-
pretability and improvement in skill over pattern scaling in capturing
realistic dynamics’’. Pure linear response functions cannot account for
nonlinear effects, which are distinct from memory effects, though hybrid
schemes that incorporate machine learning (ML) may help resolve this
issue!’.

Pattern scaling and linear response functions are prevalent in climate
emulation literature, yet these approaches are only two methods among
a broad spectrum of emulators, with each technique offering trade-offs in
terms of complexity, data requirements, and interpretability. For example,
quasi-equilibrium emulation is closely related to pattern scaling, though
only a handful of studies explore the utility of this principle beyond the
traditional choice of global mean temperature as emulator input'*"42,
Other techniques, such as Dynamic Mode Decomposition (DMD) and its
variants, are generally not classified as emulators despite their potential
to identify and predict modes of variability in the climate system'**~14°.

We consider climate emulators as defined in Tebaldi et al. (2025)%,
excluding Simple Climate Models (SCMs) and Earth system Models of
Intermediate Complexity (EMICs), though they share similarities with
emulators. We also do not examine ML emulators such as FourCastNet
and Neural GCM - while these techniques are promising for weather
prediction, they currently lack the stability required for reliable climate
prediction'?'*”. Several studies have employed ML techniques to instead
target the statistics of the climate, rather than weather! 07106136148 15154
these works focus on emulator implementation rather than theoretical
analysis.

In this chapter, we develop a framework connecting a spectrum of
emulators through the Koopman and Fokker-Planck operators, which
govern the evolution of stochastic processes. In doing so, we identify a
gap in the®* emulator typology: operator-based emulators, an area largely
unexplored in existing climate emulator literature. While previous work
has connected operator frameworks with the Fluctuation Dissipation
Theorem and thus, linear response theory32’93’]49‘15], our contribution
explicitly demonstrates its utility in the context of climate emulation.
Section 1.1 first presents our theoretical framework, highlighting that
the goal of many emulation techniques is to simplify complex climate
dynamics into a linear set of modes associated with the Fokker-Planck
and Koopman operators. We then apply this framework to identify
potential sources of error within six emulation techniques, analyzing
them from both a theoretical and practical perspective (Sect. 1.1.3). In Sect.
1.2, we introduce a series of experiments using simplified climate models
and forcing scenarios designed to stress test and evaluate each emulator;
these experiments include box models and a modified version of the
Lorenz 63 system. Section 1.3 contains the results of these simplified
climate model experiments, showing that response functions consistently
outperform other emulators across potential high-error scenarios. We
conclude by discussing optimal use cases for each emulator, along with
implications for ESMs based on our pedagogical model results (Sect. 1.4).
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1.1 Theoretical framework for climate emulation

In this section, we outline a theoretical framework for climate emula-
tion based on the Koopman and Fokker-Planck operators. Section 1.1.1
introduces our emulation target, a general, stochastic system, outlining
potential sources of error when emulating this system. Section 1.1.2 then
formalizes two complementary emulation strategies: emulating the full
probability distribution, or emulating a collection of statistical moments
(e.g., mean, variance). We conclude this section by connecting theoretical
and practical (i.e., implementation) details for the six emulators of interest
(Sect. 1.1.3). See Fig. 1.2 for a conceptual roadmap of emulator theory and
Table 1.1 for an overview of selected methods.

Throughout this section, we denote scalars with lowercase characters,
vectors with lowercase, boldface italic characters, matrices with uppercase,
boldface characters, and operators with script characters (e.g., N or £). We
use x and 71, to denote the spatial coordinate and its dimensionality, along
with t and n; to denote the temporal coordinate and its dimensionality.
Our examples focus on climate anomalies relative to a background state,
though these techniques are applicable to general chaotic dynamical
systems.

1.1.1 Problem setup

A full-scale climate model is a deterministic, albeit chaotic, system.
This chaos results in extreme sensitivity to initial conditions, requiring
emulation of the system’s statistics, rather than its dynamics®’; here we
assume the climate system has a chaotic attractor that is predictable.
To understand the statistics of the system and how they may change
over time, we follow Hasselmann (1976)'°? in modeling the evolution of
a single climate variable using a stochastic differential equation (SDE)
(Fig. 1.2, box 1). We assume time-scale separation between slow climate
processes (e.g., ocean, cryosphere, land vegetation) and other, faster
sources of variability.

In this framework, the climate is regarded as the statistical mean of
a process that appears stochastic in individual realizations. We treat
variations occurring either on timescales shorter than climate change
(such as short-term weather fluctuations and interannual variability) or
in different realizations as stationary, stochastic noise. This allows us to
parameterize their influence on the statistics of the chaotic system:

Ba_z: = N(w) + F(t) + €&(t), (L1
where w is the climate variable (or set of variables) of interest (e.g., tem-
perature), F is an external forcing (e.g., CO,), N is the operator governing
the evolution of that variable (under slow climate processes), & is a white
noise term (aggregated fast effects, including weather and interannual
variability), and ¢ is the noise standard deviation. The treatment of the
aggregated fast variables as white noise relies on timescale separation
between weather and climate. Under this assumption, the low-frequency
red-noise spectra characteristic of climate variables naturally emerge
from the integration of this white-noise forcing by the slow system
dynamics'*!1%.
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Scenario ESM Pattern Emulator Error Source of Error
a | = 2T, y
a2 TR emory
SSP119 , \é,’;f%’ Effects
=
° Hidd
idden
SSP370 Variables
(c)
Internal
SSPS85 Variability
%
(d)
SSP585 Nonlinearities

Figure 1.1: Potential sources of emulator error by scenario. Emulator errors shown here are meant for illustrative purposes only; we
introduce experiments which reproduce these errors in simplified climate models (e.g., box models) in Sect. 1.2. (a) Pattern scaling
emulator trained on historical and SSP585, tested against SSP119 in 2100; error over northern North America results from memory effects.
(b) Pattern scaling emulator trained on historical, tested against SSP370 in 2050; error over India and SE Asia results from hidden variables
(aerosols not contained in training data). (c) High-order polynomial pattern scaling emulator trained on historical, tested against SSP585
in 2020; error results from overfitting on internal variability. (d) Pattern scaling emulator trained on historical, tested against SSP585 in
2100; error results from nonlinear feedbacks in the Arctic. All ScenarioMIP data shown are taken from the MPI Grand Ensemble®15%,

We consider variables of interest to be anomalies relative to some base
state (e.g., temperature anomaly with respect to preindustrial conditions).
N may involve both linear and nonlinear terms in one or several fields,
and we cannot directly represent this operator; this parameterization
aggregates the effects of processes such as heat and momentum transfers.
The operator may also be influenced by variables we observe as well as
unobserved hidden variables (e.g., aerosol forcing in a pattern scaling
emulator with only global mean temperature as an input). The noise
standard deviation can also be state dependent, though we treat it as
independent for this exploration.

Climate emulators approximate Equation 1.1, either implicitly (pattern
scaling) or explicitly (Dynamic Mode Decomposition), rendering them
vulnerable to several potential sources of error. Figure 1.1 provides
an overview of the sources of error we consider across a range of
scenarios: Errors can enter from the forcing if an emulator assumes
only the instantaneous forcing is significant and not the forcing history
(Fig. 1.1 (a) - memory effects in an overshoot scenario). The presence
of hidden variables can lead to errors in some techniques (Fig. 1.1 (b)
- localized aerosol effects when assuming well-mixed forcings), while
other techniques are sensitive to noise (Fig. 1.1 (c) - overfitting on internal
variability). Finally, any linear emulation technique will break down in
the presence of nonlinearities (Fig. 1.1 (d) - ice-albedo feedbacks).
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Figure 1.2: Conceptual flowchart for building an emulator through the joint Fokker-Planck /Koopman operator framework. Pop-outs
show specific emulation techniques, while the shaded color indicates which concept a class of emulators relates to. Dashed arrows
indicate conceptual/theoretical connections and solid arrows indicate a direct pathway. The overall process is as follows: (1) Select a
climate variable of interest, w, such as temperature, here parameterized as the output of a stochastic differential equation. (2) Choose an
emulation target, either the full probability distribution (option 1; 2a, 3a, 3c, 4a) or a statistical quantity such as the mean or variance
(option 2; 2b, 3b, 3d, 4b). (3) Construct an emulator by selecting an approximation for either the Fokker-Planck or Koopman operator,
including their response function representations; these options are connected through duality and are directly linked to linear response
theory. (4) Given a new scenario of interest, emulate either the probability distribution or statistical quantity. A summary of emulation

techniques explored in this work (right side of this figure) can be found in Table 1.1.

1.1.2 Operator framework for emulators

Our operator framework simplifies complex, possibly nonlinear climate
dynamics into a linear set of modes with associated decay rates. We use
the term operator to refer to an update rule that advances the system one
timestep for a quantity of interest. An emulator attempts to approximate
these modes, which are physically interpretable; for temperature, the

decay rates correspond to heat-uptake timescales.

Table 1.1 summarizes emulation techniques discussed in this section,
providing a short conceptual description of each method along with
their key assumptions. We focus on linear emulation techniques that
target the mean state of a climate variable when averaged over many
realizations: pattern scaling, the Fluctuation Dissipation Theorem (FDT),
deconvolution, modal fitting, Dynamic Mode Decomposition (DMD),
and Extended DMD (EDMD). The FDT, deconvolution, and modal fitting
emulators are all response function-based emulators, while EDMD and

DMD are operator-based emulators.
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Table 1.1: Summary of emulation techniques discussed in this work including a short description and their key assumptions; a conceptual
overview of these methods can be found in Fig. 1.2. Fluctuation Dissipation Theorem assumptions are shared with deconvolution and
modal fitting emulation techniques. All techniques except the Fluctuation Dissipation Theorem additionally assume no hidden variables.

Technique Short Description Key Assumptions Pros Cons
limate is always near
Method I: Pattern Scaling ~ Time-invariant pattern c nate1s yshe . Structurally biased
. . equilibrium; response  Computationally . . .
(Pattern Scaling and its based on global mean . " . . with irreducible er-
. . is instantaneous; fixed efficient
Immediate Extensions) temperature . rors
spatial pattern
Method II: Fluctuation Response functions de- . Gives in- Requires nonstan-
. . Perturbations are small; .
Dissipation =~ Theorem rived through pertur- . terpretable dard, computation-
. . data come from linear . .
(Dynamical System/Im-  bation ensemble exper- ) physical re- ally expensive sce-
. response regime .
pulse Response Theory)  iments sponse narios
Method III: Deconvo-

lution (Dynamical Sys-
tem/Impulse Response
Theory)

Method IV: Modal Fit-
ting (Dynamical Sys-
tem/Impulse Response
Theory)

Method V: Dynamic
Mode Decomposition
(DMD) (Operator-based
Emulation)

Method VI: Extended
DMD (Operator-based
Emulation)

Response  functions
solved for from any
general experiment

Response functions fit
from any general exper-
iment

Approximating system
dynamics with a linear
operator

Approximating system
dynamics with nonlin-
ear basis functions

Quasi-equilibrium ini-
tial condition; influ-
ence of noise is small

Response is a decaying
exponential; few signif-
icant modes

Dynamics are approx.
linear; training data
capture relevant dy-
namics

Basis functions span
Koopman operator; dy-
namics are approx. lin-

ear in new basis

Applicable to
any scenario

Applicable to
any scenario
Gives in-
terpretable
spatiotemporal
information

Can theoreti-
cally reproduce
any system
behavior

Sensitive to noise,
can give non-
physical responses

Requires  initial
guess, can give
non-physical  re-
sponses

Strong assumption
of linearity

Requires selection
of basis functions

Emulating a probability distribution. Our governing system, Equation
1.1, simulates a variable of interest, w, forward in time under a stochastic
forcing. The trajectory of the time evolution of w is characterized by
the probability distribution, p(w, t). We therefore focus our efforts on
emulating p(w, t) via the Fokker-Planck operator. This is a mathematical
tool to evolve the probability distribution of a stochastic system forward in
time. As this operator is linear, emulating it is equivalent to approximating
a series of eigenvalues and eigenfunctions.

As described by Hasselmann (1976)', the time evolution of p(w, t) is
given by the Fokker-Planck equation corresponding to the governing
SDE

d

2
2 b, 1) =~ [p(w, (¥ @) + FO)] + Dplao, ), (12)

dw
where D is a diffusion coefficient set by the noise term, D = ¢2/2. The
Fokker-Planck equation describes how the probability density evolves in
time and can be viewed as an advection-diffusion process.

Advection, which shifts the mean of p(w, t), occurs due to the determinis-
tic action of the governing operator and the external forcing. Because the
advective term acts on the flux, it both shifts the mean and reshapes the
density. Diffusion, which increases the variance in p(w, t), is driven by
system noise. Integrating Equation 1.2 forward diffuses the probability
distribution, initially increasing the variance of w until balanced by the
mean-reverting drift (N (w) + F(t)). It is common practice to write a
Fokker-Planck equation directly from an SDE, as there exists a general
relationship between any SDE and its corresponding Fokker-Planck equa-
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tion; the full general derivation can be found in Denisov, Horsthemke,
and Hanggi (2009)1°.

Importantly, the right hand side of Equation 1.2 is linear in the derivatives
of w, allowing us to rewrite it in terms of the linear Fokker-Planck
operator, ¥,

d

F() = 2 DL ()~ () W) + FB)|, 13

where the notation %(-) means the Fokker-Planck operator is acting
on some arbitrary variable (in our case, p(w, t) in Equation 1.2). The
Fokker-Planck operator (Fig. 1.2, box 3a) gives us a linear method to
represent the time evolution of the probability distribution. Linearity ad-
ditionally allows us to decompose F into eigenvalues and eigenfunctions
(continuous eigenvectors). These are the target of our emulator, and our
emulator skill is directly proportional to how well it can approximate
those eigenvalues and eigenfunctions, along with our estimate of p(w, 0).
This eigendecomposition is given by

Ffg = Ag fe, (1.4)

where Ag denotes an eigenvalue and f# denotes an eigenfunction of the
Fokker-Planck operator. Assuming the operator and boundary conditions
permit a complete discrete spectrum, the collection of Ag and fg fully
characterizes the system'’s behavior. In such cases, our stochastic system
evolves as a linear combination of probability distributions, fg, each
decaying at rate Ag; the real part of the eigenvalues controls the decay
rate, while any imaginary components result in oscillations over time.
In the advection-diffusion analogy, each eigenfunction is a probability
parcel that is carried and spread by the flow. The imaginary parts of the
eigenvalues transport this parcel (shifting the mean) while the real parts
act like an effective diffusivity (increasing the variance). This tells us
which physical behaviors dominate and on what timescales they matter
for climate prediction.

Unfortunately, in most cases we cannot obtain an explicit representation
of the Fokker-Planck operator due to N being nonlinear; see Appendix
A.3 for an analytic example of when this is possible. Because it acts
on functions, the operator is infinite dimensional with infinitely many
eigenpairs. This poses an immediate issue since computers have a fi-
nite amount of memory. Finite dimensional matrix approximations of
the Fokker-Planck operator have been studied (often framed through
the more general Perron-Frobenius operator)**~'°!, but require a large
amount of data to reliably estimate the operator. For climate emulation
this poses an additional issue, as generating large enough ensembles to
resolve p(w, t) is prohibitively expensive. Because of these difficulties,
little work exists studying the Fokker-Planck/Perron-Frobenius operator
in the climate context'*’, though methods that reconstruct the full prob-
ability distribution of a climate variable using statistical methods (e.g.,
diffusion models and Gaussian processes) implicitly represent it'’*!10>/15¢,

Emulating a statistical quantity. In practice, it is often easier to emulate
statistical quantities, such as the mean or variance of a climate variable.
Many common emulation techniques (e.g., pattern scaling and response
functions) target only the mean of a single variable’”*!*’, though other
work extends this to approximate second-order moments'?/1%. Relating
these techniques requires the use of Koopman operator theory (Fig. 1.2,
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box 3b), a linear framework for propagating statistical quantities (usually
referred to in the Koopman literature as statistical observables) forward in
time'°>!°°. Emulator studies rarely link their methods to Koopman theory,
while literature that explicitly connects to the theory does not use the same
emulator terminology'*>'%*, though they accomplish similar prediction
tasks. The Koopman operator allows for an exact representation of
nonlinear dynamics using a linear operator, making it appealing when
studying complex systems. We show how it can be used to emulate
climate variables, simplifying nonlinear processes to the linear problem
of emulating physically interpretable eigenvalues and eigenfunctions.

To derive the Koopman operator, we first define a general statistical
quantity, g(w), whose expectation, (-), is given by

(g(w)) = / s@)p(w, 1) dw, 1.5)

We then take the time derivative of this expression, moving the partial
derivative inside the integral to act only on p since g(w) is independent
of time. This allows us to substitute the resulting expression into the
right hand side of Equation 1.2. Integrating this by parts twice gives

J = F J D i 1
S5 = () + Fo) 3 g(w)) + D 3gtw), a9

where the diffusivity, D = €2/2, is identical to the Fokker-Planck case.
This form allows us to define the Koopman operator, . It is linear in its
derivatives of w, and we rewrite it as
) %0

()= W@w)52 +D5 3 17)
where the notation ¥ (-) means the Koopman operator is acting on some
arbitrary variable (g(w) in Equation 1.7). Substituting this into Equation
1.6 gives

St = (gt + F{ 3 gtw)), a8

This expression applies to any arbitrary statistical quantity (of which
there are infinitely many), thus it can be used to integrate every statistical
quantity forward in time; it is an alternate way to represent the complete
probability distribution by representing each individual statistic. A useful
choice is to select g(w) = w, giving

%(w) = (Hw) + F(t), (1.9)

which we will refer back to later.

Analogously to the Fokker-Planck operator, the Koopman operator pro-
vides a linear method to represent the time evolution of our entire
collection of statistical quantities. As before, we can perform an eigende-
composition on the Koopman operator

XK fo = Ay fox, (1.10)

where Ay denotes an eigenvalue and fg denotes an eigenfunction.
Assuming the operator admits a complete discrete spectrum, the time
evolution of our statistical quantity of interest is a linear combination of
these eigenpairs. These can be used to identify dominant system dynamics
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and on what timescales they emerge. Training an emulator is equivalent
to approximating eigenpairs; reproducing these pairs accurately emulates
the behavior of the system.

However, approximations of the Koopman operator are limited by the
same finite memory constraint as the Fokker-Planck case and deriving
analytic solutions is dependent on the exact form of V; see Appendix
A.3 for an example of when analytic approximations are possible. Ma-
trix approximations of the Koopman operator are nevertheless more
prevalent than their Fokker-Planck counterparts'©*'0316%19¢ Variants of
these methods have recently been implemented in the climate context
to identify dominant modes of variability in the system (e.g., El Nifio-
Southern Oscillation or Pacific decadal oscillation)'*>#%1%” but have not
been applied for the purpose of climate emulation. We outline two of
these methods explicitly in Sect. 1.1.3.

Two sides of the same coin. The Koopman operator advances all statisti-
cal quantities of interest, and provides an alternative to the Fokker-Planck
description of a distribution’s time evolution. For distributions that are
uniquely determined by their moments, knowing every statistic is equiv-
alent to knowing the full distribution. Access to either operator fully
characterizes our system, allowing us to emulate it. Mathematically, these
operators are dual (adjoint) under the appropriate choice of functional
spaces, where duality refers to two mathematical objects that contain
alternate descriptions of the same information; this property is how we
derived the Koopman operator in the previous section. This is analogous
to, but physically and mathematically distinct from adjoint methods in
climate modeling. There, adjoints to dynamics (rather than statistics as is
the case for the Koopman/Fokker-Planck approach) are exploited to cal-
culate gradients with respect to input parameters more efficiently, which
can be used to tune parameters and compute output sensitivities'**"".

Estimating the full probability distribution of a variable requires large
initial condition ensembles, incurring significant computational cost. This
isnecessary to fully sample the climate system'’s internal variability, which
comprises unforced fluctuations that arise from interactions between the
coupled components of the Earth system. This computational expense is
exacerbated for variables such as precipitation, where internal variability
masks the forced response to a greater degree'”’!. Reliably estimating
the full distribution at each timestep to approximate the Fokker-Planck
operator from relatively coarse data is impractical. However, under
additional assumptions of quasi-ergodicity, we bolster our sampling
power by assuming that the statistics do not change sufficiently quickly
over a given time period. We thus focus on emulating lower-order
statistical quantities, presenting those techniques in Sect. 1.1.3.

Connecting to linear response theory. Linear response theory states
that the climate system’s forced response (assuming perturbations are
small) is encoded by a response function, R(t). The response function
is generated by the Koopman operator, ¥, where each eigenpair of
the operator determines the characteristic timescales of the system.
Considering temperature anomaly as an example variable, fast modes
map to land and shallow ocean heat uptake, while slow modes capture
deep ocean heat uptake'’?. Response functions have been applied to a
variety of climate problems®%173 including climate emulation”"*'%’,
though often without addressing the formal response theory underlying
these techniques. As was the case with the Koopman operator, more
formal applications of response theory to climate science often do not
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share the same language as climate emulators despite the shared goal of
32,93,150

predicting the climate’s forced response
To make the relationship between response theory and the Koopman oper-
ator explicit in the context of emulation, we first consider the continuous-
time dynamics of the system. When the system is subjected to a small
external perturbation, the continuous-time generator of the Koopman
operator, X, can be split into an unperturbed, time-independent compo-
nent, o, and a perturbation induced by the forcing, 0F(t). As a result,
the time evolution of the expectation value of a statistical quantity g can
be written as an unperturbed baseline plus a linear correction, governed
by the differential equation:

0
2.5(g) = 8(og) + (5K (D)g, 11
where (-)o denotes the expected value under the unperturbed state.

A general solution for this linear correction is provided by Ruelle’s
response theory. By treating the perturbation 0K (t) as a forcing term, we
can integrate the differential equation above. This yields a convolution
where the response function, R(t), defines how the baseline system
(described by F,) propagates the effects of the perturbation. For systems
in a statistical steady state (i.e., at equilibrium), this framework simplifies
to the Fluctuation Dissipation Theorem (FDT)"”*. The FDT describes how a
system (e.g., the Earth system) responds to perturbations (anthropogenic
CO; emissions) relative to some baseline state (preindustrial conditions).
The change in the ensemble average field, 6(g), is obtained by convolving
a forcing, F(t), with the system’s response function, R(t)

t
og) = / R(t")F(t —t")dt’. (112)
Formally, the response function is calculated by computing the temporal
autocorrelation between the statistical quantity ¢ and the system’s score
function, s,

R(t) = (g(t' = t)s(t' = 0)) = ((H'g)s), (113)

where X' is the Koopman semigroup advancing the statistical quantity g
in time. s = VIn py is the general form of the score function of the steady-
state distribution which encodes how a small perturbation alters the
system’s statistics; see Giorgini et al., Giorgini, Falasca, and Souza (2024,
2025)"01%1 for more details. This expression directly connects the system’s
response to the Koopman operator framework !>’

Equation 1.12 is one way to state the Fluctuation Dissipation Theorem
(FDT, Fig. 1.2, box 3d), a tool widely used in statistical mechanics and one
of the main features of linear response theory*>”. The FDT predicts the
first-order response of a statistical quantity due to external perturbations
and is defined in terms of an ensemble average over a quantity of interest.
As written, this form does not account for state- or time-dependent
effects (i.e., one could consider the alternate formulation: R = R(w, £, t')),
though extensions to capture these effects and higher-order statistical
moments have been proposed'’191175/176,

Response function emulators approximate the left hand side of Equation
1.13 using a variety of techniques, which we outline in more detail in Sect.
1.1.3. Their emulation goal is typically either to fit the eigenpairs which
make up ¥ explicitly”’, or to find a direct representation of R(t) (i.e.,

28

32 Lembo, Lucarini, and Ragone, 2020;
93 Lucarini, Ragone, and Lunkeit, 2017;
150 Zagli et al., 2024

174 T ycarini et al., 2026

10 Giorgini et al., Response Theory via
Generative Score Modeling, 2024; Giorgini,
Falasca, and Souza, ‘Predicting forced
responses of probability distributions via
the fluctuation-dissipation theorem and
generative modeling’, Proceedings of the
National Academy of Sciences, 2025

150 Zagli et al., 2024

32 Lembo, Lucarini, and Ragone, 2020;
93 Lucarini, Ragone, and Lunkeit, 2017

104 Winkler and Sierra, 2025; 15! Giorgini,
Falasca, and Souza, 2025; 75 Metzler,
Miiller, and Sierra, 2018; 176 Giorgini,
Bischoff, and Souza, 2025

92 Gandstad et al., 2025



an implicit representation of )>>°1%’. The former may be more easily
interpretable through analyzing the explicit eigenpairs, while the latter
offers flexibility in allowing for parametric forms other than a decaying
exponential.

Response theory builds upon the operator frameworks presented in the
previous sections by providing a method to illustrate how a given quantity
responds to small changes in forcing. While the Fokker-Planck and
Koopman perspectives offer complete characterizations of the statistics
of the system over time, response theory offers a practical approach to
use this information to predict how a quantity shifts under perturbations,
described by the FDT.

1.1.3 Connecting emulators to theory

Following the framework from the previous section, we introduce several
emulation techniques targeting the mean of a climate variable (Fig.
1.2, pop-outs on right hand side). We use the example of estimating
the expected (or annual-average) temperature anomaly, T(x, t), given
an external forcing, F(t) (e.g., CO; or other GHG emissions), though
these techniques can be applied to any climate field. Each technique
relates explicitly to the Fokker-Planck or Koopman operator and/or the
Fluctuation Dissipation Theorem (FDT). We begin with methods that
impose strong assumptions on the underlying data and progressively
lift those assumptions until we are left with the most general emulation
techniques; headings follow the taxonomy of Tebaldi et al. (2025)°* when
possible.

Pattern scaling and its immediate extensions

Method I: Pattern Scaling. Pattern scaling is arguably the most well-
known climate emulation technique’®”*7%7%80137.177 it is formally derived
via the Koopman operator, and is a specific case of a more general quasi-
equilibrium emulation framework. It assumes that, at any given moment,
the climate is in a quasi-equilibrium, rather than a transient, state and
that changes in the forcing are small enough and/or the response of the
system is fast enough to neglect system memory. Pattern scaling also
assumes that the response does not depend on the background climate
state, only the instantaneous forcing. Despite work showing that there are
measurable differences between transient and quasi-equilibrium climate
responses depending on the transient warming rate’®, the success of
pattern scaling has led to its continued use.

We first restate Equation 1.9 in terms of the quasi-equilibrium assumption
and our climate variable of interest as

%T(x, t)=L(x,x")T(x',t) + F(t) ~ 0, (1.14)

where £ indicates that this is no longer the true Koopman operator
and x and x” indicate summation over spatial interactions, i.e., how one
location, x, is influenced by all other locations (including itself), x’; a
more detailed description of the transition from Equation 1.9 to 1.14 can
be found in Appendix A.1.4. We additionally assume T (x, f) here refers
to the ensemble mean temperature, which has the practical advantage
of reducing the impact of internal variability on our emulator. Inverting
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this equation gives
T(x,t) = -2 (x,x")F(t), (1.15)

which is a more general formulation of pattern scaling based on a generic
forcing, F(t). Alternate definitions of pattern scaling have been explored
previously, with a handful of studies developing extensions based on
alternatives to global mean temperature such as radiative forcing or a
combination of factors'*"'*?. A traditional pattern scaling formulation
makes the further assumption that the forcing is proportional to the
global mean temperature anomaly (acting as a proxy for the integrated
history of emissions and subsequent radiative forcing), F(t) o T(t), and
replaces 2! with a low-order polynomial, leading to

T(x, ) = ag(x) + ay(x)T(t) + %az(x)fz(t) +o (1.16)

where a;(x) indicates the spatially varying pattern, and we typically
keep only the first-order (a1(x)) term. While some work has incorporated
higher-order terms, such models are limited in their general extrapolative
ability””. Other studies indicate that quadratic terms may be necessary
to capture end-of-century warming behavior'?’.

Although pattern scaling implicitly attempts to approximate the Koop-
man operator - the perfect linear representation of the system - it is
limited by its assumption of time-invariant, quasi-equilibrium dynamics.
Truncating the operator with a finite dimensional approximation and
using only a single predictive field (here, annual-mean temperature)
further reduces its skill. Pattern scaling’s inability to reproduce the
pattern effect—where changes in the spatial distribution of surface warm-
ing over time dynamically alter global climate feedbacks—and other
nonlinear /state-dependent feedbacks illustrates these limitations®*"”.
In Sect. 1.1.3, we explore alternative low-order approximations of the

Koopman operator to resolve these issues.

Pattern scaling could be extended to the Fokker-Planck operator by shift-
ing and rescaling the full probability distribution based on global mean
temperature, but this faces several limitations. Reliably estimating proba-
bility distributions requires large ensembles, which are computationally
expensive. An alternate approach is to use long preindustrial control
runs to generate the initial probability distribution and attempt to learn
the linear scaling factor through the shorter SSP experiments. However,
a simple linear shift may not capture scenario-dependent changes in the
shape of the distribution; recent emulation work with Gaussian process
regression suggests these distributional shifts may be complex'*°. When
applying pattern scaling to the Fokker-Planck operator, we must also
ensure the process does not violate the normalization of the distribution
(i.e., the area under the curve must equal one).

We implement pattern scaling by calculating the global mean temperature
anomaly and solving

Ir}ir)l IT(x,t) — a(x)T(H)|. (117)

In Appendix A.1.1 we show that pattern scaling has two irreducible
sources of error when trained on a ScenarioMIP-like forcing: (1) an
equilibrium term, where pattern scaling converges to the wrong steady-
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state value when forcing plateaus and (2) a memory term, where pattern
scaling breaks down when the system responds slowly compared to
changes in the forcing. The former stems from the mismatch between
training pattern scaling in a transient regime and attempting to use it
to project an equilibrium condition. The latter cannot be accounted for
within the pattern scaling framework, motivating the need for methods
that explicitly capture memory.

Dynamical system/impulse response theory

Emulators that represent the climate system through response func-
tions connect to fundamental principles of statistical mechanics and the
Koopman/Fokker-Planck framework?*83-8/89-93139180 Regponse func-
tion emulators relax the quasi-equilibrium assumption, assuming instead
that the current transient climate state is close to some baseline climate
state that is in statistical equilibrium (generally preindustrial conditions).
Perturbations to a field of interest are assumed to be small relative to
magnitude of that field. These methods enable us to capture memory
effects by integrating the entire forcing time history rather than only
using the instantaneous forcing. One major benefit of this is that we can
use them to represent regional shifts in surface warming patterns over
time (the pattern effect)'®!.

The use of different methods to derive response functions affects their
utility as an emulator. A key assumption behind the Fluctuation Dissi-
pation Theorem, for example, is that we have access to the governing
equation, i.e., we are free to run large ensembles as needed. We begin
this section assuming this is true, and relax this assumption later.

Method II: The Fluctuation Dissipation Theorem. In the case of a fully
deterministic system with a zero initial condition, simply forcing our
system with a spatially explicit unit impulse (F(x, t) = 8(x, t)) is used to
find the system’s response function

T(x,x, D)lr@e h=s(x-x)5t) = R(x, %7, 1), (118)

where perturbations are applied at each spatial location, x’, to determine
their influence on a location of interest, x; pulses can also be applied
at alternate times, t’, to determine how different time lags impact the
response (e.g., seasonality), but we neglect these effects to simplify our
analysis.

In this case, we can derive our response function directly without the
need for an ensemble of simulations, but real systems are not this simple.
Utilizing an impulse forcing naively in a chaotic system may lead to a
single realization with behavior far from the expected forced response.
For our nonlinear SDE, we use the Fluctuation Dissipation Theorem
(FDT), to calculate a response function from an ensemble. Our system’s
response to a perturbation of magnitude ¢ is given by

— <T£(xl t) - To(x/ t))
le(x)] '
where Ty(x, t) and T¢(x, t) correspond to unperturbed and perturbed

initial condition ensembles, respectively. More detail on this expression
can be found in Marconi et al. (2008)'%”.

R(x,x’,t) (1.19)
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With this definition, we estimate the response function through the
Fluctuation Dissipation Theorem by first spinning up a simulation to
get a steady state distribution from which we draw an ensemble of
initial conditions, Ty(x, ). We then create a copy of the initial condition
ensemble with an additional small perturbation, ¢, applied to each
member, T;(t), and simulate every member from both ensembles for a
scenario of interest. Applying Equation 1.19 then gives us the response
function, which we can use to emulate a variable of interest by convolving
it with a forcing from a new scenario (Equation 1.12).

Both the stochastic and deterministic approaches only yield an accurate
estimate of the true response function when the system is perturbed from
a quasi-equilibrium rather than a transient state. For climate models,
this is typically done with step change CO, experiments after a spin-up
period. This method is common in the literature around climate response
functions and linear response theory>>”3!%, though methods from the
former two citations have not been applied to climate emulation and
the latter does not reference formal response theory. Repeating this
perturbation exercise at multiple background climate states can produce
state-dependent response functions, but it is prohibitively expensive in
practice.

Analogously to our discussion of using the Koopman vs. Fokker-Planck
operator, there also exists an extension of the FDT to probability distribu-
tions. This relationship is given by

R(x,x’,t) = —(T(x,t)s(T(x’,0))), (1.20)

where s(w) = % In p(w) is the score function of the steady-state distribu-
tion and encodes how a small perturbation alters the system’s dynamics;
more details can be found in'*’.

The score function captures the direction a distribution shifts in response
to a perturbation, and correlating it with a climate variable explains
how the expectation of that variable shifts. Appendix A.1.5 outlines the
link between this approach and the Fokker-Planck operator. Analytical
expressions for the score function are unavailable for most systems,
necessitating machine learning techniques to learn it. This approach
has achieved high skill in representing the response function for several
systems'*’, though it has not yet been applied to the full climate system.
We do not explore it further in this work because of the machine learning
infrastructure required to implement it.

The FDT faces accessibility issues in practice. First, there are high costs
associated with this technique: a large ensemble of ESM runs is often
prohibitively expensive. Second, there are also some configurations we
simply cannot access: formal response theory assumes perturbations
can be applied in a straightforward manner, which is not always the
case. Because response functions are defined as a mapping from some
perturbed input variable (e.g., CO; or radiative forcing) to an output
variable of interest (e.g., temperature or precipitation), applying the FDT
requires the ability to manually perturb a variable. Climate models may
not be configured to accommodate e.g., radiative forcing as an input.
The FDT therefore cannot be applied to derive radiative forcing response
functions, though this is possible through other methods”".
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Method III: Deconvolution. Without access to the true system to run spe-
cific perturbation experiments to find R(x, x’, t), data-driven approaches
can estimate it. Deconvolution has been used to calculate response func-
tions in the climate emulation context to derive spatially explicit response
functions mapping effective radiative forcing to temperature”. It implic-
itly approximates the Koopman operator by deriving response functions
that nominally correspond to Equation 1.12. To derive the deconvolu-
tion algorithm, we assume the data we have (e.g., annual temperature
anomaly) are taken from an ensemble average of a general scenario. We
begin from the FDT (Equation 1.12), assuming that our experiment begins
from a quasi-equilibrium initial condition

t
T(x,t) = / R(x, t')F(t — t') dt". (1.21)
0

Treating this expression discretely, we rewrite it as a matrix expression
and invert to solve for R(x, t) from any general scenario
FIT

R = A (1.22)
where F is a lower-triangular matrix with F;—y along the diagonal, F;—;
on the first off-diagonal, and so on (a Toeplitz matrix), and T is a matrix
of temperature values with rows corresponding to the time dimension
and columns corresponding to the spatial dimension. A more in-depth
exploration of this process can be found in Womack et al. (2025)”". As
written here, deconvolution aggregates spatial interactions (i.e., does not
include an x” term), cutting down on data requirements. Extensions of
this procedure can account for spatial interactions, though they require
additional experiments with varying spatial forcings.

In practice, noisy data require us to apply regularization to Equation 1.22
to ensure matrix stability. We instead solve

min||RF — T/ + al[R|7?, (1.23)

where « is the hyperparameter denoting the strength of our ridge regres-
sion. This simple ridge regression is equivalent to placing a Gaussian
prior on the response function and assuming that the simulated tem-
perature data we collect are corrupted by Gaussian noise. We discuss
the rationale of Gaussian noise further in Appendix A.2 and outline our
approach to tune the hyperparameter a through maximum a posteriori
optimization.

Deconvolution can be applied to any general scenario that begins from a
quasi-equilibrium initial condition. However, since we require an explicit
matrix inverse to perform deconvolution, it is sensitive to the frequency
spectrum of the forcing data. If the eigenvalues of the matrix F are
very small (corresponding to near-zero frequencies) or the system is
very noisy (corresponding to large differences in magnitudes between
frequencies), the matrix becomes ill-conditioned, leading to an unstable
response function. To illustrate these challenges, an explicit frequency-
based derivation is included in Appendix A.1.2. In practice, we regularize
the system to avoid these issues (see Appendix A.2 for details).
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Method I'V: Modal Fitting. Modal fitting is another data-driven technique
to calculate response functions that retains some physical interpretability
by explicitly representing the climate’s response to a forcing as a series
of decaying exponentials. The decay rates then represent the various
timescales of the climate system (e.g., shallow vs. deep ocean heat uptake)
and the modes represent how those timescales interact spatially. It has
been used for tasks such as estimating effective radiative forcing and
recently for climate emulation®?%%2,

To connect this approach to our framework, we begin from the same set
of assumptions as deconvolution, but make the additional assumption
that our response function is exactly a decaying exponential; in this
case, our response function is exactly a Green’s function as described
in Appendix A.1.3. We start from a restatement of Koopman response
function definition (Equation 1.12)

G(x,x',t) = X&)t (1.24)

where x and x’ track spatial interactions as before. We assume we
can represent the Koopman operator with a finite, linear operator, £
(Appendix A.1.4).

We then diagonalize the matrix £ though an eigenvalue decomposition,
giving

Glx, X, t) = eV(x,n)A(n,n)V‘] (n,x’)t, (1.25)
where A(n, n) and V(x, n) are matrices containing the system'’s eigenval-
ues and eigenvectors, respectively, and # is the mode number. Since the

matrix exponential respects similarity transformations, we rewrite this
exactly as the summation

k
G(x,x',t) = > o(x, np)eto ™ (¥, ny), (1.26)
i=1

where k is equal to the total number of eigenvalues in the system. In the
case of a climate model, the dimension of k is equivalent to the number
of spatial dimensions. This may be much higher than the true number of
modes that are significant in determining, e.g., the temperature response
of the system. Instead of the explicit form above, we typically see an
alternate implementation, such as that in Fredriksen, Rugenstein, and
Graversen (2021)%°, Fredriksen et al. (2023)”"" and Sandstad et al. (2025)2.
These show that one can fit an alternate form given simply by

3
G(t) » R(t) = D avje™, (1.27)
i=1

where using just three timescales (inter-annual, inter-decadal, and inter-
centennial) is sufficient to represent the global mean behavior of the
climate system; these methods specify a range/initial guess of timescales
to initialize the optimization routine. Here, the scalar coefficients «; are
derived by integrating the spatial interaction of the i-th mode, defined as
ai(x,x’) = v(x,n;)v~1(x’, n;), over the relevant spatial domain. As we
are implementing this at a grid cell level, we opt for a hybrid approach,
given by

3
Ri(t) = D ajjet, (1.28)
j=1

where i indicates the grid cell/region of interest, and j denotes the
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contribution from each timescale in a given region. We use the three
timescales given above as the initial guess for each lambda, along with
an initial guess for a; j Vi = j, assuming that one mode is dominant for
each box.

We thus need to solve

t
T(aij, Ai) =/ Ri(s)F(t —s)ds, (1.29)
min [T = T(aj, Ai)IP (1.30)

aij,Ai

For climate applications, the decay rates (A;) can span several orders
of magnitude, which are difficult for the optimizer to identify, even
with normalization. This is exacerbated by the need to solve for the
eigenvectors simultaneously, which are also likely to have values that
span several orders of magnitude; using more sophisticated optimization
techniques than we apply in our test case could potentially resolve
this issue. When implementing this algorithm, we follow Fredriksen,
Rugenstein, and Graversen (2021)*, providing an initial guess of the
correct order of magnitude to our optimizer.

Modal fitting has two major benefits. First, by truncating the leading
modes, we reduce the dimensionality of the problem without the need
for e.g., Empirical Orthogonal Functions (EOFs) or a Singular Value
Decomposition (SVD). Second, we require all R(A;) < 0 (the real com-
ponent of A;) to ensure response functions to decay to zero ast — oo, a
requirement not imposed on e.g., deconvolution and DMD. Because it
is a best-fit problem, it naturally damps noise, making it well suited to
systems with strong internal variability. However, this method can also
be sensitive to local minima, requiring multiple iterations or a stochastic
fitting procedure to alleviate this issue. Fitting may also be expensive on
fine grids, since the number of eigenpairs scales with grid size, though
we may not require all eigenpairs to accurately emulate the system.

Operator-based emulation

The most general class of emulators are those that aim to directly approx-
imate the Koopman operator. Every previous emulator can be thought of
as a specific case of this general operator framework. Tebaldi et al. (2025)%*
do not include operator-based emulators in their classification, as they
are not typically referred to explicitly as emulators. However, we classify
them as such to facilitate communication across disciplines with similar
prediction goals.

The most common data-driven approximations of the Koopman oper-
ator are Dynamic Mode Decomposition (DMD) and Extended DMD
(EDMD)!%>1%_ Schmid (2010)'*° developed DMD to extract dynamic
information from fluid flows, and it has since been used to identify
dominant modes of variability within the climate system, including
El Nino-Southern Oscillation, North Atlantic Oscillation, and Pacific
Decadal Oscillation*¥~1#6167183 Under specific conditions, DMD pro-
vides a finite-dimensional approximation of the Koopman operator'®*.
EDMD expands this idea to approximate Koopman eigenvalues and
eigenfunctions directly'®®. The bulk of the work surrounding EDMD is
theoretical ®%, as in practice it has several limitations that we outline
later in this section.
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Method V: Dynamic Mode Decomposition (DMD). DMD assumes
that the climate response is linear in w with respect to an operator. If
this is the true Koopman operator, this assumption holds by definition,
provided it acts on the entire infinite space of statistical climate fields,
g(w). In practice, this leads to limitations based on how accurate the
assumption of linearity is, which depends on the choice of variables; this
approximation may hold better for a variable such as temperature, rather
than precipitation. To derive DMD, we begin from Equation 1.9 applied
to our variable of interest

%T(x, t) = F(x,x)T(x',t) + F(x,t). (1.31)

DMD assumes that we separate our data in discrete snapshots, T(x, to),
T(x,t1),..., T(x,t,), which we assume are linearly related

Tpa1 = LT, + Fp, (1.32)

where we have used the subscript 1 as shorthand for ¢, and omitted
the spatial dimension for conciseness. By discretizing, we are no longer
solving for the exact Koopman operator (as in the previous case), which
we now denote . This notation is standard in DMD literature. The
traditional DMD algorithm assumes autonomous dynamics, omitting the
forcing term. Equation 1.32 is referred to as DMD with control (DMDc¢)'¥,
and has only recently been studied in the climate context'*°.

To implement DMD, we collect our snapshots into matrices and invert
this system, solving for &

£ =Ty - F,T), (1.33)

where the superscript + denotes the Moore-Penrose pseudo-inverse of
a matrix (required as it is unlikely T will be a square matrix) and F
denotes a forcing matrix with the same dimension as our data; assuming
well-mixed forcing means each row is identical in the forcing matrix.
This is the simplest form of DMD, though in practice the Singular Value
Decomposition (SVD) is often used to further reduce the dimensionality
of the problem. This also increases the algorithm’s robustness relative to
real-world systems that are subject to noise'®”.

This approach suffers mainly from its strong assumption of linear dynam-
ics, which can break down for complex systems. Its success in identifying
the dominant modes of variability in the climate suggests it may have
utility as an explicit emulation technique'**'**1%3; future work will apply
DMD to a full scale climate model to test this hypothesis. Unfortunately,
DMD only provides a reliable estimate for the Koopman operator if it
acts on a large set of statistical fields (more than simply the temperature
anomaly when considering the full climate system). This is because the
Koopman operator relies on an infinite-dimensional space of statistical
fields to fully linearize nonlinear dynamics; a small, finite set of physical
variables rarely forms a Koopman-invariant subspace'®. Furthermore,
DMD only functions properly if the dynamics governing the evolution
of that quantity (or quantities) is linear, which is not the case in general.
While the dynamics producing the base climate state are nonlinear, the
success of methods such as pattern scaling suggest the dynamics of
anomalies may be close to linear. DMD assumes all hidden variables
are accounted for and the observed quantities fully describe the (linear)
dynamics of our anomaly of interest. For example, the atmospheric
temperature may be significantly influenced by heat uptake in the deep
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ocean, which, if it is not explicitly accounted for, will lead to errors
when applying DMD. This motivates the need for a better algorithm for
approximating the Koopman operator.

Method VI: Extended DMD (EDMD). As the baseline DMD algorithm
is only able to approximate the Koopman operator in specific contexts,
EDMD instead frames the problem such that we are deliberately trying
to approximate the eigenvalues and eigenfunctions of the Koopman
operator. This, ideally, leads to more reliable approximation than DMD
and thus, a better emulator.

EDMD was introduced by Williams, Kevrekidis, and Rowley (2015)'°° as
an explicit attempt to approximate the Koopman operator. The EDMD
procedure involves projecting variables of interest into a higher dimen-
sional space that has a richer representation of the system dynamics. As
an example, we consider the problem of emulating precipitation anomaly
using global mean temperature anomaly as the forcing. Precipitation may
depend on the global mean temperature, T(t), but it also may depend on
higher-order or nonlinear terms, such as (T())?, cos(T(t)), tanh (T(#)), etc.
To implement EDMD, the user must select a set of basis functions, ¢(-),
such as these, that provide a better representation of the system dynamics
than in the purely linear DMD case. Typical choices of basis functions as
described by the original EDMD manuscript are Hermite polynomials,

radial basis functions, and discontinuous spectral elements'®°.

After choosing a set of basis functions, the EDMD problem statement is
exactly the same as the original DMD algorithm. Solve for & from

O(Tus1) = P(Tn) + Y (Fn), (1.34)

where ¢(-) is the basis chosen for the forcing, and can be the same or
different than the forcing for the quantity of interest. We use % here as we
are explicitly trying to approximate the Koopman operator. We ensure the
basis includes the physical field of interest, e.g., ¢(T) = [T, T2, 15, ... ],
where the first entry is the physical field. As in the case with DMD, we
solve this as

K = [¢(Tpe1) — Q(Fn)] ¢7(T), (1.35)

which we can use an SVD to solve more efficiently and reduce the
influence of noise on the system. When applying this method, we first
use Equation 1.34 with an appropriate initial condition to emulate the
solution in our high-order basis. We then must project our solution back
into physical space. Since we chose our basis to include the original
physical coordinate, this is done by truncating the emulator output and
keeping only the entries corresponding to T.

This method has seldom been applied to climate problems'®’, likely due
to the limitations acknowledged in Navarra, Tribbia, and Klus (2021)'#,
particularly the dimensionality of the problem. For a full climate model,
DMD requires a matrix solve of dimension (Nt X Nion)? for a single
variable, which is extremely costly. In the case of EDMD, this dimen-
sion grows with every basis function used. To accurately represent the
Koopman operator for the climate system, we potentially require many
more variables and many basis functions, causing the problem to rapidly
increase in complexity, though this may be alleviated by emulating EOFs
rather than gridded data. As with DMD, EDMD implicitly assumes no
hidden variables, though the choice of basis function can help alleviate
this issue; e.g., if the hidden variables are higher-order terms, EDMD
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may be able to represent them accurately. The selection of basis functions
typically requires some experimentation though, as it can be difficult to
predict which set of functions will be best suited for a given application;
exploiting physical relationships such as the logarithmic relationship
between CO, concentration and temperature may help alleviate this
issue, however. More work is required to fully characterize the utility of
EDMD for the climate system.

1.2 Experimental overview

Here we outline a set of experiments which reproduce the sources of
error seen in Fig. 1.1, using them to evaluate the emulation techniques
introduced in Sect. 1.1.3. We outline a climate box model with a simple
local energy balance ODE in Sect. 1.2.1 and Sect. 1.2.2, followed by a
nonlinear, cubic Lorenz system in Sect. 1.2.3. Experiments using these
two simple models highlight the following potential sources of error: (1)
memory effects, Fig. 1.1 (a); (2) hidden variables, Fig. 1.1 (b); (3) noise,
Fig. 1.1 (c); (4) weak nonlinearities, Fig. 1.1 (d). We then describe forcing
scenarios applied to each system in Sect. 1.2.4.

1.2.1 Experiments 1 and 2: Climate Box Model

A classical box model is a standard, easily interpretable model for
temperature evolution. We use this idealized box model as it is the
simplest system that includes the pattern effect and it is not necessarily
meant to replicate CMIP experiments. We assume the form of this model
is given by a simple local energy balance

IT(x,t)
ot

similar to Armour, Bitz, and Roe (2013)°° and Giani et al. (2025)°°. C(x) is
the local effective heat capacity, T(x, t) is the local temperature anomaly,
A(x) is the local feedback parameter, R(x, t) is the forcing function, and
V - F(x, t) is the anomaly in heat flux divergence; parameters for this
model are listed in Table 1.2. Furthermore, we assume that the forcing
function can be linearly decomposed as a constant-amplitude spatial
pattern and a variable time series: R(x, f) = r(x)R(t).

C(x)

=Ax)T(x,t)+ R(x,t) + V-F(x,t), (1.36)

We consider two configurations for our box model. The first corre-
sponds to a horizontally coupled three box system representing atmo-
spheric boxes over land, low-latitude ocean, and high-latitude ocean.
In the continuous system, the heat flux vector is parameterized by
F(x,t) = —k(x)VT(x, t). To transition to our discrete box model, we re-
place the continuous divergence term with the net heat exchange between
adjacent boxes. Applying a 1D forward difference spatial discretization
and absorbing the spatial step into our constant, the net flux term for
box i is modeled as —k (T;+1(t) — Ti(t)), where k represents an effective,
constant inter-box heat transfer coefficient. We assume uniform forcing
into each box, and use this configuration for experiments one and three
(memory effects and noise; noise details can be found in Sect. 1.2.2). The
second configuration corresponds to a vertically coupled two box system
representing the atmosphere and the ocean; this has the same form as
the previous case, with the caveat that there is no forcing applied into
the oceanic box. We use this configuration for experiment two (hidden
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Table 1.2: Parameters for the three box model, adapted from Giani et al. (2025)°. The heat capacity of each box is given in terms of the
effective water depth, h(x): C(x) = pwcwh(x), where py, and ¢y, are the density and specific heat capacity of water, respectively. Land,
Low, and High refer to atmospheric boxes over land, low-latitude ocean, and high-latitude ocean, respectively.

Parameter Symbol Land Low High
Effective Water Depth (m) h(x) 5 150 1500
Local Feedback (Wm™K™')  A(x) -0.86 -2.0 -0.67

variables). We begin this system from a zero initial condition, aiming to
simulate the temperature anomaly, rather than the absolute temperature.

1.2.2 Experiment 3: Noisy Box Model

As the default configuration for our box model is purely deterministic,
we add a stochastic noise term to the forcing to replicate the impact
of inter-annual variability on the real climate system. To ensure the
impact of this variability is similar to that of the true system, we use
CMIP6 piControl experiments to estimate the magnitude of the variability.
Namely, we compute the standard deviations of piControl runs for three
climate models (ACCESS-ESM1-5, MIROC6, MPI-ESM2-LR) and set the
magnitude of the variability as the multi-model average 0 = 0.117K"**7%1. 189 T,40he and Watanabe, 2018; 1% Dix
etal., 2019; 1°! Wieners et al., 2019

1.2.3 Experiment 4: Cubic Lorenz System

As the previous experiments are all defined by an operator which is linear

in the quantity of interest, we additionally implement a weakly nonlinear,

cubic Lorenz system. This provides a representation of the atmosphere

that includes chaos, allowing us to test the limits of these emulation

techniques. In the standard Lorenz equations that represent a simplified

model of atmospheric convection'??, the steady state is a linear function 192 [ orenz, 1963

of p, and the mean heat flux ((XY) = (Z)) is very nearly linear'”®. We 193¢, ang Doering, 2015
modify the system to the cubic form shown below to illustrate another

failure mode of simple pattern scaling: the quasi-equilibrium value may

not be a linear function of the forcing.

The cubic Lorenz equations are defined by the system

d
EX =0o(Y - X), (L.37)
%Y =—(Z+aZ>)X +p(t)X -, (1.38)
0
52 =XY-pZ, (1.39)

with @ = 1/1000. Due to the system’s invariance under the spatial
transformation (X, Y, Z) — (=X, =Y, Z), the steady-state mean of both
X and Y are zero, while the steady-state behavior of (Z) is determined
by p(t). Values for p(t) are chosen such that nonlinearities are weak, as
all linear methods are expected to break down in the presence of strong
nonlinearities. These vary between experiments and are outlined in
Table 1.4. We initialize this system through an initial condition ensemble
starting from p(t) = 28 with white noise applied to perturb the starting
positions of each ensemble member.
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1.2.4 Scenarios

We consider four scenarios of interest for both the box model and cubic
Lorenz system, focusing on scenarios which have CMIP analogues: (1)
Abrupt, an abrupt increase in forcing, (2) High Emissions, an exponential
increase in forcing, (3) Plateau, an exponential increase in forcing that
levels off, and (4) Overshoot, a forcing that sharply increases and decreases.
Descriptions of each scenario are given in Table 1.3. Figure 1.3 shows
ODE-integrated solutions for each scenario in each experiment, and
descriptions of experimental parameters can be found in Tables 1.4 and
1.5.

Table 1.3: Conceptual overview of forcing scenarios considered in this work. These scenarios are used in all experiments outlined in Sect.
1.2, and lists of experiment-specific parameters for each scenario can be found in Tables 1.4 and 1.5.

Scenario Short Description

Abrupt An abrupt doubling of CO, concentration; corresponds
P roughly to the Abrupt2xCO2 CMIP experiment.

High Emissions An exponential increase of CO, concentration in time;

corresponds roughly to SSP585.

An increase in CO, concentration in time that follows a
Plateau hyperbolic tangent, increasing exponentially and then
tapering off; corresponds roughly to SSP245.

An increase in CO; concentration in time that follows a
Owershoot Gaussian profile, increasing and decreasingly rapidly;
inspired by SSP119, but decreases more quickly.

1.2.5 Evaluation

To evaluate each emulation technique, we utilize Normalized Root Mean
Square Error (NRMSE, Equation 1.40) given as a percentage, as our
primary evaluation metric:

100 | S (g(wx) - §(wy))

2
§(w k ) N, years ’

NRMSE =

(1.40)

¢(wy) indicates the mean of our quantity of interest over the period error
is calculated over. We calculate NRMSE with respect to the entire time
series. To compare performance across training datasets, we train each
emulator on one scenario at a time, testing against the others which
are held out from the training (e.g., train on Abrupt and test on High
Emissions).

We implement an alternate protocol for the cubic Lorenz system as there
is no ground-truth to compare with due to chaos. Instead, we compare
the skill of each emulator when training on only a subset of the ensemble
members for that experiment. For example, given #ensemble €nsemble
members for a given experiment, we construct a subset of 1 ensemble
members without replacement, where 11 = 1 : flensemble — 1, and train our
emulator from that subset. We then test the emulator’s skill in emulating
the mean response given the ensemble average forcing. We repeat this
subsampling exercise 10 times, recording the average performance over
those trials. For the noisy three box model, we use the same protocol,
additionally presenting the ground truth of emulating the noiseless three
box model.



Scenario Functional Form
F(t) = Fop, H(t
A () = Fape H(t)
P(t) = Po,abr + P1,abr tanh(t - T]abr)
F(t) = Fpion exp(t/thi
High Emissions ® wigh XP(E/Thigh)
p(t) = po, high + P1, high €xp(t/Mnigh)
Plateau F(t) = Fplut + Fplut tanh(a)plut(t - Tplat))
p(t) = Po,plat + P1,plat tanh(a)plat(t - Tplat))
F(t) = Fover eXp(—(t - Tover)z/(zgz))
Qwershoot
P(t) = D0, 0ver T P1, 0ver eXP(—(t - nover)z/(zaz))
Box Model Cubic Lorenz System
Parameter Value Parameter Value
_ - 00 [45, 28, 40, 28]
10
Fabyr 3.7 Wm™2 Mlabr
P1,abr 17
F 85Wm™2 30
high A Y 1, high Y
s xp(tr/Thign) MM el finign)
Tf 250 yr Ul 250
Thigh 50 yr Nhigh 50
12
-2
Fo, plat 225Wm i P1,plat fanh(3)
2.25Wm™
F _ 150
Lplat tanh(wplutTplat) Tplat
Wplat 1/50 yr—1 Wplat 1/50
Fover 4Wm™2 P1, over 30
Tover 200 yr TNover 200
Oover 42.47 o 50
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Table 1.4: Forcing scenarios for each ex-
periment, with the upper half of each
row corresponding the box model and
the lower half of each row corresponding
to the cubic Lorenz system. Parameters
for the box model experiments are based
on Giani et al. (2025)°° and Armour et
al. (2013)°° and parameters for the cubic
Lorenz system are chosen such that the
system exhibits weakly nonlinear behav-
ior. H(t) is the Heaviside step function,
and parameters for these scenarios are
listed in Table 1.5.

Table 1.5: Scenario parameters used for
the experiments in this study. Values for
po are listed in the order Abrupt, High
Emissions, Plateau, and Overshoot. Box-
model parameters have physical units
to output temperature; the cubic-Lorenz
parameters are dimensionless.
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Figure 1.3: ODE-integrated solutions for the three box model (top), two box model (middle), and cubic Lorenz system (bottom) for
the (from left to right) Abrupt, High Emissions, Plateau, and Overshoot scenarios. D = 0.55 [Wm 2K 1] for the three box experiment and
D = 0.7 [Wm~2K"!] for the two box experiment. For the cubic Lorenz problem we show the mean value of Z over 5,000 ensemble
members as a line, and the shaded region indicates its standard deviation. Values shown are anomalies relative to a baseline of T = 0
(experiments one through three) or p = 28 (experiment four).
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1.3 Results

Section 1.3.1 presents a summary of results across each of the emulation
techniques outlined in Sect. 1.1.3 when emulating the simplified climate
systems presented in Sect. 1.2, with subsequent sections highlighting key
results from individual experiments. Section 1.3.2 contains the results
for the three box model with significant memory effects (Fig. 1.1 (a));
the three boxes represent atmospheric boxes over the land, low-latitude
ocean and high-latitude ocean. We then report emulator performance on
the restricted two box model in Sect. 1.3.3. In this case we highlight the
issue of hidden variables (Fig. 1.1 (b)) by only giving the emulators access
to the temperature anomaly in only one of the two boxes during training;
the two boxes represent an atmospheric and oceanic box (forcing only
into the atmosphere). This is followed by a version of the three box model
with a stochastic forcing to test the robustness of each method to noise
(Fig. 1.1 (c)). Finally, we showcase results for the nonlinear, cubic Lorenz
system in Sect. 1.3.5 (Fig. 1.1 (d)), which tests emulator performance in
the presence of chaos and weak nonlinearities. In the case of models with
multiple regions (boxes), we present only a single evaluation score, as
relative performance across boxes was consistent for all cases analyzed.

1.3.1 Overall emulator performance

Figure 1.4 summarizes emulator performance in terms of Normalized
Root Mean Square Error (NRMSE) across all four experiments. For each
experiment, there are four possible train/test scenarios (Abrupt, High
Emissions, Plateau, and Overshoot). We test on one scenario and train
against the remaining three, showing median NRMSE over all train/test
combinations. For experiments two and four, the pattern scaling emulator
is trained to map forcing to quantity of interest, as these experiments
do not have a global mean temperature equivalent. Results for deconvo-
lution are shown using the regularization presented in Appendix A.2.
Error values are calculated with a constant 40 ensemble members for
experiment three and 4,000 ensemble members for experiment four.

Emulator performance by experiment
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Figure 1.4: Summary of emulator performance over all experiments considered in this work. For each experiment, there are four scenarios.
We show the median NRMSE value across all scenario train and test combinations, excluding the trivial case of training and testing on the
same dataset. Error values are calculated with 40 ensemble members for experiment three and 4,000 ensemble members for experiment
four. Emulator abbreviations are as follows: PS - Pattern Scaling, FDT - Fluctuation Dissipation Theorem, Deconv. - Deconvolution,
Modal - Modal Fitting, DMD - Dynamic Mode Decomposition, EDMD - Extended DMD.



Response function based emulators (the FDT, deconvolution, and modal
fitting methods) generally outperform other approaches, demonstrating
consistently lower NRMSE across most experiments. The FDT is particu-
larly reliable relative to all other methods, yielding consistently low errors
across all four test cases, indicating its robustness regardless of scenario;
while it has higher error in the cubic Lorenz case, this is primarily a
function of ensemble size (see Sect. 1.3.5). As FDT response functions are,
in principle, equation-driven rather than data-driven, they provide the
perfect solution given a linear system (experiments one through three) or
enough realizations (experiment four). Deconvolution similarly performs
well across all experiments, while modal fitting has high performance in
experiments one, two, and three; both of these methods exhibit higher
errors in experiment four. For deconvolution, this is due to its sensitivity
to noise as discussed in Sect. 1.1.3, while modal fitting suffers because of
an inability to reliably separate timescales and the need for an accurate
initialization for its unknown parameters, which we discuss in Sect. 1.3.4.

In contrast, pattern scaling consistently underperforms, exhibiting the
highest error in all experiments except for the cubic Lorenz case. This
is most likely due to the presence of strong memory effects in the box
models, which pattern scaling cannot capture by definition. DMD and
EDMD outperform pattern scaling in experiments one and two, but
exhibit much more variable performance in experiments three and four.
For the first three experiments, DMD and EDMD produce identical
results. This is because the models in these experiments are purely
linear, and the use of any higher-order basis for EDMD leads to a drop
in skill. These methods struggle with the noisy three box model, and
more in-depth results can be found in Sect. 1.3.4. While theory suggests
DMD/EDMD would not be well-suited for the restricted two box problem
due to the presence of hidden variables, they outperform pattern scaling
in practice. This is likely due to the simplicity of the problem, and more
complex dependencies on hidden variables would likely lead to further
decreases in skill. The main advantage of EDMD over DMD begins to
become apparent in the cubic Lorenz experiment, where moving to a
third-order Hermite polynomial basis allows it to slightly outperform
its linear counterpart, though the variability in the system (Fig. 1.3) is a
greater magnitude than this improvement in skill.

1.3.2 Experiment 1: Three Box Model

The three box model experiment is meant to benchmark the baseline per-
formance of each technique in the presence of strong memory effects (Fig.
1.1 (a)). Figure 1.5 summarizes the results of four emulation techniques
(pattern scaling, deconvolution, modal fitting, and DMD) when trained
and tested on different scenario combinations, while Fig. 1.6 compares
the true (ODE-integrated) solution to that obtained using the Fluctuation
Dissipation Theorem.

Pattern scaling (Method I) consistently underperforms relative to the
other techniques presented in this section, exhibiting the highest NRMSE
values for all train/test combinations. It fails across almost every scenario
due to the influence of long timescales on the global mean temperature
(strong memory effects). This experiment highlights pattern scaling’s
brittleness when key assumptions, such as exponential forcing®, are
violated. These assumptions are consistent in most ScenarioMIP experi-
ments however, leading to higher performance in practice relative to this
simple example®.

56 Giani et al., 2025

80 Wells et al., 2023
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Applying deconvolution (Method III) leads to much higher performance
than pattern scaling when trained on either Abrupt, Plateau, or Overshoot,
but sees a drop in performance when trained on High Emissions. This
is because the true solution is an eigenfunction of the forcing (i.e., both
the temperature response and forcing are exponentials), so the system

is effectively characterized by a single timescale, that of the forcing.

Deconvolution loses skill due to difficulties identifying all the timescales
in the system, leading to extrapolation errors when training on this
scenario. When trained on either Plateau or Overshoot, we see errors in
emulating Abrupt, meaning that the emulator has not learned the true
system response despite relatively high performance in emulating the
other scenarios. This is due to ill-conditioning of the F matrix in these
scenarios, leading to a response function that overfits these data; we
discuss the limitations of training deconvolution with these scenarios
further in Sect. 1.4.

Modal fitting (Method IV) exhibits two interesting properties: (1) training
on High Emissions leads to poor extrapolative capability and (2) training
on Abrupt leads to the highest performance overall. The first is also caused
by the solution being an eigenfunction of the forcing. It is difficult for
the optimization routine to determine the correct timescales, even when
initialized near the true values. This is true to a lesser degree in Plateau
and Overshoot, which also do not display clean separation of time scales
like Abrupt.

DMD (Method V) is able to capture all relevant timescales and interactions
regardless of the scenario, with a maximum of 5.8% NRMSE across all
train/test combinations; this level of error results from training on High
Emissions and testing on Abrupt, as was the case with the modal fitting
emulator. The method’s high skill here is due to the governing dynamics
being purely linear and there being no hidden variables, meaning all
assumptions for applying DMD are accurate. Results for EDMD (Method
VI) are omitted from this section as they are identical to DMD.
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Figure 1.5: NRMSE heatmaps for pattern
scaling (a), deconvolution (b), modal fit-
ting (c), and DMD (d) emulators trained
and tested against the three box model.
Results are shown in percentages, where
lighter values correspond to lower error
(higher performance) and darker values
correspond to higher error (lower per-
formance). Scenarios used for training
are shown on the x-axis, while scenarios
used for testing are shown on the y-axis.
We do not include results for training
and testing on the same dataset.
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Emulator performance, Method II: FDT
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Figure 1.6: Fluctuation Dissipation Theorem emulator performance for three box model scenarios. The solid, lighter line shows ground
truth (ODE-integrated) solution, while the dotted, darker line shows emulated solution. The high performance of the FDT results in the
emulated and ground-truth curves overlapping closely.

The Fluctuation Dissipation Theorem (Method II) has consistently high
performance across all scenarios considered, with NRMSE values of
0.80%, 0.50%, 0.75%, and 1.29% for the four scenarios shown in Fig. 1.6
(NRMSE values given by scenario from left to right). These values are
lower than any other technique on average. These errors are due to the
integration scheme with which we derive the FDT response function, as
we only use a first-order integrator. Since it requires us to simulate two
scenarios (one perturbed and one unperturbed), error can accumulate
between these simulations; decreasing the integrator time step or using a
higher-order integrator (not shown) increases accuracy for this method.
Despite this, the FDT gives us, up to the precision of our integrator, the
system’s true response function, which is a major advantage compared
to the other techniques which may or may not provide a physically
interpretable solution. The full implementation of the FDT requires a
spatially explicit response matrix with multiple perturbation runs, but
for a more even comparison to the other techniques, we only consider
the well-mixed case here.

1.3.3 Experiment 2: Restricted Two Box Model

The restricted two box model investigates the impact of hidden variables
(Fig. 1.1 (b)). This experiment is meant to test if an emulator can learn the
true system response if not all information is included in the training data.
Figure 1.7 summarizes the results of four emulation techniques (pattern
scaling, deconvolution, modal fitting, and DMD) when trained and tested
on different scenario combinations. Restricting the data means there is
only one temperature series, rather than the three in the previous case. We
therefore cannot calculate a global mean, and use a modified definition
of pattern scaling in this section, mapping from forcing to temperature
anomaly. As the FDT (Method II) has roughly equivalent performance to
the previous section and is not impacted by the introduction of hidden
variables, we omit it from this section.

For all methods except deconvolution (Method III), we see a sharp drop
in performance when introducing a hidden variable into the system.
Deconvolution exhibits the same failure mode when training on High
Emissions as before but to a greater degree, along with the ill-conditioning
failure mode when training on Plateau and Overshoot. Because this method
treats each region as independent, it is more robust to the addition of
hidden variables. It is able to capture the aggregate response of the
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atmospheric box that includes the influence of the ocean, but would not
be able to separate those effects; i.e., the response function we derive is
somewhat non-physical, though it can emulate the system effectively.

For the modal fitting emulator (Method IV), we initialize the optimization
routine with guesses for both dominant modes (the fast atmospheric
response and slower oceanic response). It is largely unsuccessful in
identifying these modes, except in the case of training with Abrupt. This
scenario is unique in that both modes are visible in the atmospheric
box alone (see the leftmost plot in the middle row of Fig. 1.3). Training
on either High Emissions or Overshoot appears promising at first, but
neither can extrapolate to Abrupt, meaning it effectively overfits on these
scenarios and loses extrapolative capabilities. As before, we see that
training on High Emissions leads to the worst performance overall, as this
scenario is characterized by only one effective timescale.

DMD (Method V) and by extension, EDMD (Method VI), experiences
the sharpest decline in performance, with errors increasing by several
orders of magnitude in some cases. Both methods see lower error in

emulating scenarios similar to the training data (e.g., High Emissions vs.

Plateau), but rapidly increasing error outside that regime. In addition to
learning timescales like the previous two methods, DMD and EDMD
are attempting to learn spatial interactions as well, meaning they are
disproportionately affected by the hidden variable. We can also frame
this issue theoretically by stating that hidden variables violate one of
the fundamental assumptions of EDMD and DMD: the quantities we
emulate are representative of all relevant system dynamics. By hiding
the oceanic box, neither algorithm can learn the true physical behavior
of the system. With EDMD, increases in polynomial order lead to further
decreases in performance (not shown).
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Figure 1.7: NRMSE heatmaps for pattern
scaling (a), deconvolution (b), modal fit-
ting (c), and DMD (d) emulators trained
and tested against the restricted two box
model. Results are shown in percentages,
where lighter values correspond to lower
error (higher performance) and darker
values correspond to higher error (lower
performance). Scenarios used for train-
ing are shown on the x-axis, while sce-
narios used for testing are shown on the
y-axis. We do not include results for train-
ing and testing on the same dataset.
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1.3.4 Experiment 3: Noisy Three Box Model

Results of the noisy three box model show how noise affects each
emulator (Fig. 1.1 (c)). Figure 1.8 summarizes the results of four emulation
techniques (pattern scaling, deconvolution, modal fitting, and DMD)
when trained only on Abrupt and tested against the other three scenarios;
we choose to train only on Abrupt as it yielded high performance across
all methods (except pattern scaling), and we want to isolate the impact of
noise. See Fig. 1.4 in Sect. 1.3.1 for performance metrics across all train/test
combinations with a constant ensemble size. Since the noise is added
linearly, taking the difference between the perturbed and unperturbed
ensembles effectively removes the noise when using the FDT (Method II).
This leads to constant performance regardless of ensemble size, which is
shown in Fig. 1.4. We additionally omit EDMD (Method VI) as it gives
no improvements over DMD (Method V) in this linear case.

For these results, we evaluate performance relative to their noiseless
baseline, rather than the absolute value of NRMSE; although Abrupt
led to high performance for most methods, each method has a different
baseline and some methods (e.g., pattern scaling) performed poorly when
trained on this scenario. All methods exhibit decreased performance in
the noisy case relative to the noiseless baseline.

Pattern scaling (Method I) experiences no change in performance as
the number of ensemble members is increased, as the linear regression
smooths the data, reducing the impact of noise regardless of the ensemble
size. With both deconvolution (Method III) and modal fitting (Method
IV), there is an almost random change in performance depending on the
number of ensemble members. This is because both methods regularize
the data. Deconvolution requires extra regularization when the system is
noisy, or else the algorithm overfits on the noise, leading to extremely

NRMSE vs. Ensemble size by method
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Figure 1.8: NRMSE vs. number of ensemble members for pattern scaling (a), deconvolution (b), modal fitting (c), and DMD (d) emulators
trained on Abrupt and tested against the three remaining scenarios. Solid lines indicate the error in training/testing with noisy data,
while the dashed lines indicate error in training/testing with noiseless data.
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high error (> 6(10')). The regularization has a similar effect to pattern
scaling in making the expected performance of these algorithms more
robust to noise. The variation in performance is due to the random
sampling of ensemble members, with combinations that exhibit high
error skewing the overall results. The error in DMD (Method V) is
monotonically decreasing with ensemble size, though the presence of
noise leads to a drop in performance relative to the noiseless baseline.

1.3.5 Experiment 4: Cubic Lorenz System

While the underlying cubic Lorenz system is strongly nonlinear and
chaotic, the response of the ensemble mean to our applied forcing is
only weakly nonlinear. This allows us to jointly investigate the impact
of underlying chaos and weak nonlinearities on our emulators (Fig. 1.1
(c) and (d)). We run a 5,000 member ensemble as the variation in this
experiment is much higher than the previous noisy case. As in experiment
two, we use a slightly modified definition of pattern scaling, mapping
from forcing to quantity of interest (the ensemble mean of Z). Figure
1.9 summarizes emulator performance against the number of ensemble

members, while Fig. 1.10 shows the response function derived using the
FDT.

Similar to the previous noisy experiment (Sect. 1.3.4), pattern scaling
(Method I) exhibits a constant level of performance independent of the
number of ensemble members. The linear fitting process creates a strong
artificial smoothing effect on the data, diminishing the potential impact of
noise. This is also the case with both deconvolution (Method III) and the
modal fitting (Method IV) approach, both of which have little variability
based on the number of ensemble members. The modal fitting approach

NRMSE vs. Ensemble size by method
Training scenario: Quershoot
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Figure 1.9: NRMSE vs. number of ensemble members for all emulators trained on Overshoot and tested against the three remaining
scenarios. Emulators are shown as pattern scaling (a), FDT (b), deconvolution (c), modal fitting (d), and DMD (e), and EDMD (f). The
FDT is trained on separate perturbation scenarios, and is therefore tested against all four scenarios. Unlike experiment three, there is no
baseline/noiseless skill to compare against.
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Figure 1.10: Response function for the cubic Lorenz system derived using the Fluctuation Dissipation Theorem with three sets of
ensemble members: 500, 5,000, and 50,000. We use At = 0.01 and 6 = 50 At applied to the Y component of the system.

additionally requires an imaginary component to enforce oscillations in
the response function similar to those in the FDT result (Fig. 1.10). All
approaches except DMD additionally show increased skill for smaller
perturbations, i.e., higher skill in predicting Plateau than Abrupt. This
is likely because smaller forcings lead to smaller deviations from the
theoretical limit of response theory, which assumes small perturbations
from the background state.

The performance of the FDT (Method II) is strongly dependent on
the number of ensemble members. Figure 1.10 illustrates this point by
showing how the response function derived using the FDT changes
based on ensemble size. We treat the 50,000 member ensemble as our
point of comparison, as further increases in ensemble size did not result
in notable performance improvements. Key features, such as the initial
magnitude of the response along with the time to reach that magnitude
are consistent across all ensemble sizes, but the three cases deviate after
this initial peak. All three cases exhibit a similar frequency of oscillation
over the time period tested, with noise in the 500 member ensemble
influencing the longer-term behavior of that response (between years
3-5). There are deviations from the 50,000 member response in the 5,000
member case as well, though it is generally more in-phase than the 500
member ensemble. The NRMSE between the 50,000 and 5,000 member
ensembles is 166.22%, while the NRMSE between the 50,000 and 500
member ensembles is 546.06%. Both responses are far from the ground
truth, but the 5,000 member ensemble is much closer than the 500
member ensemble. Because the 5,000 member ensemble has such high
error relative to the 50,000 member ensemble, the predictive skill shown
in Fig. 1.4 and Fig. 1.9 does not tell the full story. By further increasing
ensemble size, we expect to see commensurate increases in accuracy
when emulating this system with the FDT.

Despite the fact that this experiment violates the linearity assumption
of DMD (Method V), it has relatively stable performance of a similar
order to the other methods tested. Predictive skill on High Emissions and
Plateau increases with the number of ensemble members, as one would
expect as noise is averaged out, but skill on Abrupt decreases, which
seems to be counterintuitive. In this case, we may not be introducing any
further information about the coherent, underlying dynamics, which is
supported by other methods showing consistent performance in these
regimes. Increasing the ensemble size is leading to further refinement
of the emulator’s parameters for Overshoot and its more closely related
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scenarios (High Emissions and Plateau). A deeper investigation is required
to assess DMD’s suitability for Lorenz-like systems. EDMD (Method VI)
does not exhibit this behavior, instead performing with consistent skill
across all combinations. This is likely because the third-order Hermite
polynomial used as the basis is well-suited to train on this scenario,
illustrating the need for careful selection of basis functions.

1.4 Discussion and conclusions

While emulators of Earth System Models (ESMs) have recently surged
in popularity, uncertainty regarding their performance under a variety
of scenarios and the lack of a comprehensive theoretical framework for
analysis have posed problems for efforts at fundamental methodological
comparisons. Our framework for emulator design and analysis builds
on ideas from statistical mechanics and stochastic calculus, facilitating
analysis of several emulation techniques from a theoretical and practical
perspective. Our experiments based on simplified representations of
the climate stress test a suite of emulators, including pattern scaling,
response functions, and operator-based emulators, in the presence of
memory effects, hidden variables, noise, and nonlinearities. Response
function emulators consistently outperform other techniques, and the
Fluctuation Dissipation Theorem (FDT) provides a robust method to
derive them, though it also requires its own experimental ensemble.
Section 1.4.1 describes emulator performance and key findings from our
pedagogical examples, while Sect. 1.4.2 discusses the implications of our
findings for ESMs. Table 1.6 additionally summarizes our experimental
findings, focusing on the robustness of different emulators to different
sources of error.

Table 1.6: Summary of emulator capability by technique based on the results from Sect. 1.3. An "X’ indicates a technique possess the
listed capability, while a '~ indicates may meet this requirement if other conditions are met; we discuss these capabilities explicitly in
Sect. 1.4. Memory refers to an emulator’s ability to capture memory effects (Fig. 1.1 (a), experiment one), Hidden refers to an emulator’s
skill in the presence of hidden variables (Fig. 1.1 (b), experiment two), Noise refers to an emulator’s robustness to simulation noise (Fig. 1.1
(c), experiment three), and Nonlin. refers to an emulator’s ability to capture weak nonlinear effects (Fig. 1.1 (d), experiment four).

Technique Memory Hidden Noise Nonlin.
Method I: Pattern Scaling X

Method II: Fluctuation Dissipation Theorem X X ~ ~
Method III: Deconvolution X X ~ ~
Method IV: Modal Fitting X ~ X ~
Method V: Dynamic Mode Decomposition (DMD) X ~

Method VI: Extended DMD X ~ ~

1.4.1 Emulator performance and trade-offs

Each emulation technique considered in this work belongs to a spectrum
of methods as defined by the joint Fokker-Planck/Koopman operator
framework. Some emulators on this spectrum demand strict assumptions
(quasi-equilibrium/pattern scaling), while others are much more general
(EDMD). There is a trade-off between the strictness of assumptions and
emulator complexity, and relaxing these assumptions can shift the emula-
tor’s optimal use case. More general techniques may require specifically
designed experiments, and decreasing structural emulator error may



come at the price of increased computational costs (e.g., the Fluctuation
Dissipation Theorem). Using this framework additionally identifies a gap
in the current emulator typology as defined by Tebaldi et al. (2025)°, as
we need to consider the potential role operator-based emulators can play
in this ecosystem; e.g., characterizing physical behavior in the system in
addition to emulating it, as in Navarra et al. (2024)'%".

Pattern scaling is a popular emulation technique because it is easy to im-
plement, fast to apply, and its limits are well understood empirically”*”*%°.
Its efficiency makes it the method of choice particularly for assessments of
mean annual temperature in monotonic forcing scenarios (e.g., SSP5-8.5,
3-7.0, or 2-4.5) and for understanding first-order trends of climate signals,
even in the presence of internal variability. Previous work has shown this
approach is valid only when the forcing is exponential and has a fixed
spatial pattern, along with linear dynamics and feedbacks®®. Our results
additionally show that pattern scaling exhibits two sources of irreducible
error: a mismatch between the true and predicted patterns at equilibrium
and the assumption that the climate must respond instantaneously to
external forcings. If forcing history is important, such as in centennial-
scale or strong overshoot experiments, the single-pattern approximation
breaks down, misrepresenting shifts in regional warming over time. This
is also the case with highly variable fields such as precipitation, where
the first-order approximation may not capture significant trends. More
general quasi-equilibrium approaches show promise (e.g., mapping from
forcing to temperature in experiments two and four), but have yet to
be widely explored in the context of full-scale ESMs. Pattern scaling’s
limitations push us towards emulation techniques that can capture more
complex dynamics.

Response functions are increasing in popularity as they can capture
many processes of interest that are missed by pattern scaling, such as
the pattern and memory effects””*!9#!%, This makes them ideal for
representing decision-relevant, non-monotonic forcing scenarios, such as
temperature overshoots. Response function approaches assume a linear
relationship between the input forcing and output variable interest and
that perturbations to the system are small®®. As a result, they are able
to capture weakly nonlinear effects, so long as perturbations remain
within the linear response regime. They must be used with caution when
nonlinear effects are dominant or (depending on the technique) when
internal variability is significant.

Despite its computational costs, deriving response functions with the
Fluctuation Dissipation Theorem (FDT) offers a benefit over other re-
sponse function techniques: it generates the system’s exact linear response.
Deconvolution and modal-fitting, by contrast, can produce non-physical
output. As the FDT states, the response to small perturbations can be
captured by R(t) if the system statistics are approximately stationary and
the dynamics drive the weakly perturbed system back to the unperturbed
state. The concept of climate is predicated on assuming the latter is true,
further cementing the FDT’s utility in this context. Because FDT-based
response functions are physically interpretable, they support linear anal-
yses of Earth system processes and serve as a reliable foundation for
climate emulators™.

Emulators that seek an explicit representation of the Koopman operator
are potentially powerful tools as they are founded on rigorous theory and
are interpretable'**'%#1%4 They can, in principle, reproduce any behavior
the climate system might exhibit. In practice, however, their utility is

52

64 Tebaldi et al., “Emulators of Climate
Model Output’, Annual Review of Envi-
ronment and Resources, 2025

167 Navarra et al., ‘Variability of SST
through Koopman Modes’, Journal of Cli-
mate, 2024

76 Mitchell, 2003; 7° Tebaldi and Ar-
blaster, 2014; 80 Wells et al., 2023

56 Giani et al., 2025

91 Womack et al., 2025; 92 Sandstad et al.,
2025; 1% Winkler and Sierra, 2025; 13
Freese et al., 2024

93 Lucarini, Ragone, and Lunkeit, 2017

94 Lucarini and Chekroun, 2024

166 Williams, Kevrekidis, and Rowley,
2015; 184 Schmid, 2021; 1°* Tu et al., 2014



constrained by several factors. Both Dynamic Mode Decomposition
(DMD) and Extended DMD (EDMD) require the input and output
variables of interest (e.g., radiative forcing and temperature) to completely
characterize the dynamics of the system, rendering them sensitive to
hidden variables. DMD additionally requires linearity between inputs
and outputs, which is often violated in practice'®>. EDMD relaxes this
assumption by using a higher-dimensional space at the cost of selecting
an appropriate (and often problem-specific) set of basis functions'°.
The choice of basis functions is a major consideration with this method,
and we may have been able to improve our implementation of EDMD
further with a different choice. Solving the resulting large eigenvalue
problems with either algorithm can be computationally demanding, and
EDMD and DMD can be sensitive to noise, potentially overfitting to
data. Despite these challenges, operator methods allow us to identify
dominant modes of variability in the climate system. They can also, in
theory, be used to capture state-dependent and non-stationary processes,
though this again requires a careful selection of basis functions and
a large amount of training data. While EDMD and DMD attempt to
approximate the Koopman operator, they are simplified representations
and in many cases do not closely approximate the true operator. Despite
this, the Koopman and Fokker-Planck operators provide the most useful
theoretical basis as they offer a way to directly link disparate forms of
emulators. These techniques have the potential to be highly generalizable
to scenarios beyond the training data as they can reproduce the system’s
true dynamics, but further research is required to determine the potential
of using operator-based methods directly for climate emulation.

Emulator performance varies depending on the experimental setup, high-
lighting that emulators are often designed to be application specific and
not completely general. Figure 1.4 provides an overview of these results,
but each emulator had the potential for high performance depending
on the application. For example, pattern scaling performs poorly on all
experiments, but shows high skill regardless of the experiment when
trained and tested against High Emissions; this is not shown, as the case
where the training and testing datasets are the same is trivial (near zero
error) for all emulation techniques. However, this illustrates that pattern
scaling has utility if used on scenarios with exponential forcing, more
akin to ScenarioMIP'**, or scenarios with linearly increasing forcing
(after a short initial transient period); see Giani et al. (2025)°° for further
discussion. Future work will further examine the role training data plays
in emulator development.

Whether emulators learn physically interpretable representations of the
system they are emulating remains an open question, though our process
of testing an emulator’s extrapolative capability suggests that some
techniques do learn the system’s true behavior. The clearest example of
this is the FDT, which performed consistently well across all scenarios.
This is to be expected as the theory behind the FDT shows that it
calculates the physical impulse response of the system”’!“’. Pattern
scaling on the other hand, by definition, does not learn realistic behavior
unless the system is fully determined by the pattern scaling coefficients.
For other techniques, the results are less clear. For example, the modal
fitting approach is able to extrapolate successfully in any of the first
three experiments when trained on Abrupt, but not when trained on High
Emissions, further supporting the need for an effort focused on quantifying
the impact of training data on climate emulators. Deconvolution and
DMD also exhibit mixed levels of extrapolative skill, leading to difficulties
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in making a consistent argument about interpretability from our results.
This is especially the case for DMD, as the &£ matrix we derive is not easily
mappable to the true underlying parameters of e.g., the coupled three box
model, as this problem is effectively underdetermined; we are solving
for twelve DMD parameters, whereas the full system is determined
by three heat capacities, three feedback parameters, and one diffusion
coefficient. Future work will investigate the possibility of learning true
system parameters from these emulated representations.

1.4.2 Implications for ESMs

While the lack of a common conceptual baseline has historically hin-
dered comparisons between emulator classes, our framework takes an
important step towards resolving this. Efforts such as ClimateBench,
which provide a common training and evaluation benchmark, have been
useful to that end'"’, but emulator structural differences prevent it from
being applied to all existing emulation techniques. Additionally, the
high computational burden of running scenarios beyond those in the
CMIP archive (for training or evaluation), prevents rigorous assessment
of emulator capability (e.g., emulating the impact of individual forcings)
and generalizability (accuracy beyond ScenarioMIP). Results from exper-
iments such as the Detection and Attribution MIP (DAMIP) and Regional
Aerosol MIP (RAMIP) can help fill these gaps'”>'°, but the field of ESM
emulation is currently data-constrained. Our theoretical framework and
pedagogical experiments provide value in this data-limited setting, as
they allow us to evaluate the assumptions present in many common
emulators. Our results illustrate the potential sources of error different
emulator structural assumptions invite, giving us tools to assess and
improve emulation techniques independently of ESM results. As ESMs
improve, this framework can help ensure emulators are prepared to train
on those new results.

Our pedagogical experiments provide a useful tool to isolate and examine
individual sources of error relevant to emulating ESMs (Fig. 1.1). Though
our simplified models are limited in that they lack much of the complexity
of full-scale ESMs, our experiments highlight that emulator errors can be
proactively resolved through structural changes in emulation, regardless
of the parent model. For example, our results further support the growing
body of literature on the utility of response functions’?*!%’, Response
functions offer improvements over pattern scaling, particularly when
considering memory effects in decision-relevant scenarios. They may also
better emulate longer (post-2100) scenarios by accounting for regional
pattern shifts, though longer ESM runs, such as the extensions proposed
in ScenarioMIP for CMIP?7, are required to test this'“®. Existing emulators
of ESMs may also benefit from incorporating response functions. For
example, recent work into hybrid emulation using a generative model
conditioned on pattern scaling could be extended by conditioning on
response functions instead'%°.

Several promising emulation techniques explored here, including the
Fluctuation Dissipation Theorem (FDT), Dynamic Mode Decomposition
(DMD), and Extended DMD (EDMD), have seen uses in climate science
but have yet to be applied directly as emulators of ESM outputs as
defined by Tebaldi et al. (2025)°*. An intermediate step for either the
FDT or EDMD may be to first emulate an EMIC, helping determine
useful training scenarios without the cost of a full ESM. Though EMICs
are much less computationally expensive than ESMs and therefore are
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not as beneficial to emulate, they potentially offer a higher-dimensional,

more rigorous way than an SCM to evaluate the emulation techniques

discussed here. Our results suggest further research into these techniques

is warranted, as they may represent more complex dynamics than other

methods. In this context, the FDT stands apart as the most promising

technique for emulating general dynamical systems, as evidenced by

its skill in this and other recent work'”.. However, using the FDT to 151 Giorgini, Falasca, and Souza, 2025
derive response functions through perturbations requires a full initial

condition ensemble for every perturbed grid cell/region>”, similar to 32 Lembo, Lucarini, and Ragone, 2020;
the Green’s Function MIP'®!, and is likely prohibitively expensive for ~ ° Lucarini, Ragone, and Lunkeit, 2017
full ESMs. The score-based FDT (Sect. 1.1.3) provides a remedy, using 181 gjoch-Johnson et al., 2024
statistical learning methods to learn the score function and thus the

system response'’’. Regardless of the derivation method, our results 151 Giorgini, Falasca, and Souza, 2025
suggest response functions are a highly effective emulation technique

both in terms of accuracy and interpretability.

Most work studying climate emulation focuses on developing and imple-
menting new approaches in an application-specific manner. Our results
show the utility of an operator-based framework for systematic analy-
sis and comparison of climate emulation techniques. The main benefit
of this framework is providing a toolkit for understanding trade-offs
between emulator complexity and performance while connecting em-
ulation techniques to fundamental principles of statistical mechanics
and stochastic systems. We find that memory effects, internal variability,
hidden variables, and nonlinearities are potential error sources, and
that response function-based emulators consistently outperform other
methods, such as pattern scaling and DMD, across all experiments. Emu-
lator performance varies by experimental setup, particularly through the
choice of training data, and further work is required to fully characterize
these effects. This framework currently relies on simple experiments,
and further work is needed to determine if operator-based methods
like EDMD can be practically realized to emulate nonlinear processes in
full-scale climate models. Our analysis also highlights the FDT’s potential
for deriving robust, physically interpretable response functions, though
its computational cost is a potential barrier. As interpretability is an
ongoing discussion in the emulator community, investing resources in
physically grounded methods like the FDT may go a long way towards
increasing the utility of emulators not just for emulation, but for linear
system analysis.



Optimal scenario design for
climate emulation: How to train
your emulator

The means of obtaining as much variety as possible, but with the
greatest possible order... is the means of obtaining as much perfection
as possible.

— Gottfried Wilhelm Leibniz

WHILE MACHINE LEARNING (ML) MODELS EXHIBIT IMMENSE UTILITY in inter-
polating complex physical systems, their ability to generalize to unseen,
out-of-distribution scenarios while adhering to physical laws remains
a fundamental challenge. Efforts to enforce physical consistency typi-
cally focus on model architecture and include Physics-Informed Neu-
ral Networks (PINNSs) that embed governing equations into the loss
function!*1819121 ‘gperator learning approaches that map directly be-
tween function spaces'”’'%%, and hard constraints (e.g., enforcing conser-
vation or symmetries)'>!71?0 Hybrid techniques such as NeuralGCM
further demonstrate that combining physical and statistical components

can achieve significant computational savings without sacrificing predic-
tive skill’%1%7.

Beyond architectural constraints, the design of the training data itself dic-
tates whether an ML model learns the underlying physics or interpolates
between observed states. Data design methods include physics-informed
feature engineering (e.g., using nondimensional quantities such as the
Reynolds number instead of raw velocity fields)'??, physics-guided data
augmentation that exploits known invariances or linearity properties'?®,
and synthetic data generation via active learning to place new samples
in regions of large physical error or high model uncertainty'>*'>>. Such
methods may be particularly impactful in climate science, as the high
computational cost of large-scale simulations restricts the availability of
training data*>'%".

In climate science, ML emulators address the demand for spatially explicit
projections beyond the standard suite of realistic emissions scenarios
simulated as part of the the Coupled Model Intercomparison Project
(CMIP)*12°, Following Tebaldi et al. (2025)°*, we define emulators as
statistical surrogates for physical models, distinct from process-based
Simple Climate Models (SCMs) and Earth system Models of Intermediate
Complexity (EMICs). Reliable climate projections are crucial for areas
such as agriculture“, the built environment?, energy systernsB, and the
finance and insurance sectors'**?, all of which face substantial physical
and transition risks from climate change. Emulators have demonstrated
skill in reproducing variables such as near-surface air temperature,
precipitation, relative humidity, and wind speed across annual, monthly,
and daily timescales?/6491,7,103105,106,127,133

Assessing whether emulators respect physical constraints remains chal-
lenging, as demonstrating physical consistency requires extrapolating to
emissions trajectories distinct from those seen in training. In practice, how-
ever, most studies emphasize in-sample and within-range performance—
where Global Mean Surface Temperature (GMST) or emissions trajecto-
ries lie within the training range—with limited emphasis on structurally
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out-of-distribution tests®***1%. This gap stems from the high temporal
and computational costs of running full-scale Earth System Models
(ESMs), typically limiting emulator developers to the data made avail-
able via CMIP for training and evaluation. As a result, emulators are
largely trained on aggregate emission pathways®93127-12% Previous
work demonstrates that training on ScenarioMIP-like pathways is not
necessarily optimal?, as it restricts our ability to test and train emulators
that accurately respond to emissions of individual forcing agents (e.g.,
anthropogenic greenhouse gases and aerosols). This shortcoming is par-
ticularly pressing given that ESM scenario design for future CMIP efforts
is moving towards a broader set of forcing combinations'?®. One solution
is to run the ESM for each individual forcing to generate a broader set
of training data®'*Y, but high simulation costs and the potential for
nonlinear interactions when combining forcings currently impede both
the exploration and adoption of this approach. Consequently, there is a
need for an approach that yields highly informative training data at a
low computational cost.

Here, we introduce a method to generate optimal emissions scenarios that
improve both overall emulator performance and the ability to emulate
the climate response to individual forcing agents. By framing training
data generation as a problem of optimal experimental design®"’, we di-
rectly optimize the emissions scenarios themselves to maximize emulator
predictive skill; high-level and detailed descriptions of this procedure
are given in Section 2.1 and Appendix B.1, respectively. Leveraging a
differentiable model based on the Finite Amplitude Impulse Response
(FaIR) SCM>*, our approach calculates the sensitivity of emulator pre-
dictive skill with respect to the training data, enabling iterative updates
of the training data to minimize a user-defined skill metric (Fig. 2.1).
Using simple and intermediate complexity climate models as proxies for
ESM-simulated data, we demonstrate that training on a single optimized
scenario outperforms a baseline emulator trained on a suite of six stan-
dard socio-economic scenarios (ScenarioMIP-CMIP7). Furthermore, the
optimized training data yields increases in emulator skill when extrap-
olating to structurally out-of-distribution scenarios, indicating a more
robust statistical mapping from emissions to temperature. We validate the
scalability of our approach by running optimized scenarios generated by
an SCM with the MIT Earth System Model (MESM), a zonally resolved
EMIC, demonstrating that this method is transferrable to models of
higher complexity. Finally, we discuss implications for designing ESM
scenarios specifically for emulator training, along with the potential for
extending our approach to other data-constrained domains of machine
learning for physical systems.

2.1 Results

We compare the performance of two emulator configurations: a baseline
emulator trained on ScenarioMIP Priority 1, and an emulator trained on
optimized data (hereafter referred to as the optimized emulator). As this
work focuses on the impact of training data on predictive skill rather
than emulator architecture (i.e., emulator structure and feature design),
both configurations use the simplest possible neural network emulator: a
multi-layer perceptron. The emulator predicts temperature time series
resulting from input emissions trajectories. We generate optimized train-
ing data through a four-part iterative procedure (Fig. 2.1) that treats the
training trajectory as a set of tunable parameters (see Appendix B.1 for
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Significance: Machine learning climate
emulators promise to revolutionize im-
pact assessments by rapidly projecting
future warming, yet they often fail to
generalize to types of scenarios not seen
during training. While current research
emphasizes improving emulator archi-
tectures, we identify the training data
itself as a potential bottleneck. We in-
troduce a method to directly optimize
training datasets, enabling emulators to
learn more robust physical dynamics.
Training scenarios developed on compu-
tationally inexpensive models success-
fully transfer to train skillful emulators
of higher-complexity models. This cross-
model transferability circumvents the
prohibitive cost of discovering optimal
scenarios directly on full-scale Earth Sys-
tem Models, suggesting climate model-
ing centers could simulate scenarios tai-
lored for emulator training over standard
projections.



Forward pass: train and test emulator
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Backward pass: iteratively update training data to maximize performance over test data

Figure 2.1: Overview of the training data optimization process for an emulator that maps from emissions (input) to global mean surface
temperature (output). We iteratively update training emissions pathways through four steps: (1) train a base emulator on an initial
emissions trajectory; (2) test predictive skill on target scenarios; (3) compute the sensitivity of the test loss to the training data via
automatic differentiation; and (4) update the training data via stochastic gradient descent. We repeat this until convergence, performing
a final independent evaluation on held-out datasets. For more details on this procedure and emulator architecture, see Appendices B.1

and B.3, respectively.

a technical description). First, we simulate the temperature response to
an initial emissions time series to train a base version of our emulator
(Fig. 2.11). Second, we test the emulator’s performance by measuring its
predictive skill in terms of Normalized Root Mean Square Error (NRMSE)
over a fixed test dataset (e.g., ScenarioMIP-CMIP7 Priority 1, Fig. 2.12);
skill is normalized by maximum scenario GMST to avoid overempha-
sizing performance on high-warming scenarios (see Equation B.7 in
Appendix B.1.2). Third, we backpropagate through the testing, training,
and data generation processes to calculate the sensitivity of the test loss
to perturbations in the training data (Fig. 2.13). Finally, we use stochastic
gradient descent to iteratively update the training emissions trajectory to
maximize performance (Fig. 2.1.4). In this context, ‘optimizing for a sce-
nario’ strictly means iteratively updating a training emissions trajectory
to maximize the resulting emulator’s ability to accurately reproduce the
temperature response of that specific target scenario (or set of scenarios).
To calculate sensitivities, we implement a differentiable SCM (Appendix
B.2) based on the FaIR SCM™, which includes a subset of anthropogenic
forcing agents (CO,, CHy, N>O, sulfur and black carbon); this limited
set allows us to focus on the dominant drivers of future warming while
retaining a tractable parameter space.

We evaluate the emulators’ ability to reproduce temperature anoma-
lies predicted by an SCM and an EMIC under individual forcing (e.g.,
CO,-only) and combined forcings. To test the emulators’ performance
across different dynamical regimes, we evaluate them against several
sets of emissions scenarios. These include realistic future socio-economic
policy projections (the proposed ScenarioMIP-CMIP7* Priority 1 and 2
protocol'?®, and the 2025 MIT Global Change Outlook®"), along with
idealized experiments from the CMIP DECK designed to display model
feedback response characteristics®®. When training the emulators to
reproduce the effect of multiple active forcing agents, we additionally
evaluate the emulators’ skill in reproducing the effects of isolated his-
torical forcings (Detection and Attribution MIP (DAMIP)!*>?%%) and a

* At the time of performing this investigation and writing this manuscript, the final version
of ScenarioMIP-CMIP7 was not yet published. As a result, we use the scenarios outlined
in the preprint manuscript, not including the High-to-Low scenario added in the final
version.
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climate intervention pathway implementing sulfur injection to cool the cli-

mate (Geoengineering MIP (GeoMIP)?>2%). Because our SCM calculates 203 K ravitz et al., 2015; 294 Visioni et al.,
sulfur’s radiative forcing contribution as parameterized aerosol-cloud 2026

interactions, the sulfur emissions of the GeoMIP analogue are much

larger than the true GeoMIP protocol (i.e., unrealistic) and instead serve

as a strongly out-of-distribution test for the emulator.

We generate optimized training emissions trajectories to maximize predic-
tive skill on each set of scenarios individually, along with a configuration
optimized over all scenarios simultaneously (Table 2.1). Furthermore,
because optimizing over all scenario sets at once inherently introduces
information leakage (i.e., evaluation data influences training), we perform
an additional, independent evaluation. We feed the optimized scenarios
generated by our differentiable SCM as input to the EMIC, training an
emulator to reproduce the EMIC’s zonal temperature response under an
identical evaluation protocol.

We first present the results of emulating GMST from the SCM, followed
by the results of emulating zonal temperatures from the EMIC. Complete
descriptions of emulator architecture, emissions scenarios, and evaluation
protocol can be found in Appendices B.2 - B.5.

2.1.1 SCM results: individual forcing agents

We first focus on CO;-only experiments, as the optimization results are
qualitatively consistent across most agents (Appendix B.7). Fig. 2.2 pro-
vides an illustrative example of the optimization process when maximiz-
ing predictive skill for a high-warming emissions scenario (ScenarioMIP-
CMIP7 Priority 1 H-ext). While training an emulator on a naive, constant
emissions time series (50 GtCO, /yr) yields poor initial predictions (green
dot-dash line, Fig. 2.2c), iterative updates to the training data drive the
emulator’s temperature predictions to near-perfect agreement with the
SCM-projected targets. This convergence is robust across forcing agents,
albeit at varying rates (Fig. 2.3). The optimized emissions trajectory differs
structurally from the ground-truth emissions trajectory (compare Fig.
2.2a and b). While the optimized input shares some features with the
ground truth, such as sign changes in the slope and concavity, it does not
simply reconstruct it. This distinction suggests the optimization process
(Fig. 2.1) successfully isolates the physically salient features required for
emulation, rather than memorizing a specific trajectory.

Iterative optimization of training data yields higher predictive skill for
individual forcing agents compared to the baseline emulator trained

Table 2.1: Summary of the experimental protocol utilized in this work. For each climate model, we train a baseline emulator, along with
multiple optimized emulator configurations as described in the optimization column.

Climate Baseline scenarios ~ Optimization (training data generation)  Evaluation scenarios Emulator tar-
model gets
Differentiable ScenarioMIP- Iteratively updated to maximize predic-  Evaluated against all individ- ~Global Mean
SCM CMIP7 Priority 1 tive skill when tested on: ual scenario sets Surface Tem-
1. Individual sets (ScenarioMIP-CMIP7, perature
DECK, CS3, DAMIP, and GeoMIP) (GMST)
2. All scenario sets simultaneously
EMIC ScenarioMIP- No direct optimization. Uses the optimal  Independent evaluation  Zonal Temper-
(MESM) CMIP7 Priority 1 emissions trajectories generated by the across all single-forcing  atures

SCM optimized for performance over all ~ scenario sets (ScenarioMIP-
scenarios CMIP7, DECK, CS3)
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Figure 2.2: Optimization results for a single CO,-only high-warming scenario (ScenarioMIP-CMIP7: H-ext). (a) Ground-truth emissions
trajectory. (b) Evolution of optimized training emissions over 1000 iterations, beginning from a constant initial condition (green dot-dash
line). (c) Comparison of SCM-projected (dashed red line) vs. emulated GMST predictions (green dot-dash and solid blue lines). (d)
Temperature trajectories corresponding to the emissions in (b). Faint lines trace intermediate states every 100 iterations in (b)-(d). The
emulator is trained on the synthetic input-output pair (b, d) and tested by predicting the response to ground-truth input (a), as shown in

().

on standard socio-economic scenarios (Fig. 2.3). Because the baseline
emulator is evaluated against its own training set (ScenarioMIP-CMIP7
Priority 1), this evaluation represents its theoretical error lower bound.
Despite this, our optimized emulator achieves lower normalized error
(NRMSE) for all agents except sulfur, crossing below the baseline em-
ulator’s error threshold (dark blue vs. dashed orange lines, Fig. 2.3).
This performance gap demonstrates that standard baseline scenarios are
sub-optimal for training, lacking the feature diversity necessary to cap-
ture all potential system behaviors. For sulfur, where baseline emulator
error is already minimal (6(1072) vs. 6(107?) for other agents), the error
in the optimized emulator decreases monotonically, suggesting even-
tual convergence. Transient spikes observed in the error trajectory (e.g.,
CHj-only experiment) reflect the inherent trade-offs in multi-objective
optimization, where aggregate skill gains across the full dataset may
temporarily degrade performance on individual scenarios.

Fig. 2.4a summarizes the change in performance between the baseline
and optimized emulator configurations for CO,-only experiments, where
positive values indicate improvement. Overall, optimizing for any of the
realistic socio-economic pathways (Opt. Priority 1, Priority 2, or CS3),
or for the combined dataset (Opt. All) consistently increases average
emulator skill. Optimizing for the baseline Priority 1 scenarios yields the
largest mean improvement (44.3%). Notably, simultaneous optimization
over all datasets yields broad performance gains across all evaluation
datasets without overfitting to any specific scenario. While specialized
optimization targets achieve the highest skill on their respective evalu-
ation sets (e.g., optimizing for Priority 1 yields a 47.2% increase when
predicting Priority 1, compared to 34.4% for the combined dataset), com-
bined optimization ensures the emulator can generalize across scenario
structures.

A clear trade-off emerges, however, regarding the idealized forcing sce-
narios (DECK). Optimizing for slowly varying socio-economic pathways
(Priority 1, Priority 2, or CS3) yields little to no improvement, or even
degrades performance, on the idealized scenarios. Conversely, optimiz-
ing for the DECK reduces skill across all other datasets. This bifurcation
stems from the idealized scenarios’ unique forcing structure, specifi-
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Figure 2.3: Error in emulating single-forcing experiments. Evolution of evaluation loss (NRMSE) when reproducing SCM-projected
GMST anomalies for ScenarioMIP-CMIP7 Priority 1 single-forcing scenarios (e.g., (a) CO2-only, (b) CHy-only). The solid dark blue
line tracks the optimized emulator’s performance, while the dashed orange line indicates the baseline emulator’s error lower bound
(evaluated on its own training data).

cally the abrupt quadrupling of CO, (abrupt-4xCO2), which features
a pulse-and-decline emissions trajectory driving rapid warming (0(50
years) to reach 4°C compared to 6(200 years) in other high-warming
scenarios). While an idealized step-forcing yields a skillful emulator
for many data-driven approachesz, it acts as a statistical outlier during 2 Womack et al., 2026
optimization. Minimizing emulator error on this shock without including
the gentle gradients that characterize realistic socio-economic emissions
pathways, coupled with the idealized dataset’s small sample size (two
scenarios), promotes overfitting. In contrast, the comparably small CS3
dataset shares structural similarities with Priority 2, allowing for success-
ful extrapolation. Because the physical features required to emulate an
emissions pulse conflict with those needed for more realistic emissions
pathways, including the DECK in the combined optimization creates
competing objective functions. Consequently, the average improvement
in predictive skill across all scenarios is slightly lower when optimizing
over all datasets (41.0%) compared to optimizing solely for the Priority
1 baseline (44.3%). However, it is necessary to include the idealized
scenarios for generalization, as optimizing over all datasets successfully
increases predictive skill on the abrupt scenario, whereas optimizing
only for realistic pathways yields no such improvement.

2.1.2 SCM results: multiple forcing agents

Consistent with the single-agent results, the optimized emulator with
all forcing agents active outperforms the baseline emulator when tested
against standard socio-economic projections (Priority 1), which repre-
sents the baseline emulator’s theoretical error lower bound (Fig. 2.5). The
optimization process begins with a performance plateau attributable to
small gradient magnitudes from the constant initialization (Appendix
B.6). It then enters a phase of monotonic error reduction, where fluctu-
ations in error convergence reflect sensitivity to the fixed learning rate;
future stability improvements may be achieved through learning rate
scheduling”®. Panels (b) and (c) of Fig. 2.5 display the optimized time 205 j and Arora, 2019
series for well-mixed and aerosol forcing agents. In the ground-truth
realistic emissions pathways (Priority 1), all forcing agents follow highly
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correlated trajectories (e.g., CO, and CHy follow the same pattern of
increase and decrease over time). This allows the baseline emulator
to achieve high in-sample skill by learning aggregate forcing behavior
rather than individual agent dynamics. While the optimized pathways
we generate are structurally distinct from standard scenarios, they exhibit
consistent low-frequency features across all agents that are overlaid with
high-frequency variations.

While optimizing for performance over individual datasets may lead to
trade-offs in extrapolative skill (Fig. 2.4b), simultaneous optimization
over the full scenario set yields performance gains across every evalua-
tion dataset. This result suggests that optimization isolates fundamental
physical features independent of specific scenario structures; Appendix
B.6 demonstrates that potentially infinite valid features exist, depending
on the optimizer’s initialization. Incorporating a diverse set of scenarios
during optimization can yield higher predictive skill on a specific target
than optimizing exclusively for that target. For example, when evaluated
on the idealized DECK scenarios, the emulator optimized over the com-
bined dataset (Opt. All) outperforms the baseline emulator by 52.0%,
providing an additional 15.4% improvement over the emulator optimized
solely for the DECK (which achieves only a 36.6% increase). This effect is
also present, though less pronounced, when optimizing for the longer,
more structurally diverse Priority 2 scenarios, further supporting the
need for diverse optimization targets. Conversely, restricting the number
of optimization targets degrades extrapolative performance relative to
the single-agent case. This is likely due to the increased complexity of em-
ulating multiple agents and disaggregating their responses. Overfitting is
most prevalent for the idealized DECK and realistic CS3 datasets, where
small sample sizes (two scenarios each) and limited agent diversity (the
DECK scenarios are CO,-only) fail to adequately constrain the parameter
space. Similarly, optimizing exclusively for standard, aggregate emissions
pathways reduces extrapolative skill by roughly 25%, highlighting the
limitations of scenarios dominated by aggregate forcing pathways.

Training an emulator with a scenario optimized for performance over
all scenario types simultaneously (the realistic policies, idealized forc-
ings, isolated historical forcings, and climate interventions described
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in Appendix B.5) enables us to accurately reproduce both individual
and aggregate forcing agent dynamics, correcting biases present in the
baseline emulator (Fig. 2.6). The emulator optimized over the combined
dataset achieves high accuracy when evaluated on the out-of-distribution
isolated forcing and climate intervention subsets; emulating DAMIP and
GeoMIP yields R? = 0.97 (Fig. 2.6d). In contrast, emulators optimized for
or trained on highly correlated aggregate emissions pathways (e.g., the
realistic Priority 1 scenarios) fail to generalize to these unseen datasets,
exhibiting systematic errors. Neither the baseline emulator nor the Prior-
ity 1-optimized emulator accurately captures the distribution of warming
and cooling effects between individual agents. For example, the baseline
emulator systematically overestimates the cooling effect of sulfur. This
failure is most evident when emulating Gésulfur, a high-emissions climate
intervention scenario that utilizes sulfur injection to limit warming. These
emulators capture the aggregate trends prior to the geoengineering in-
tervention but underestimate subsequent warming once sulfur injection
begins. Only the emulator optimized on the full, diverse scenario set
eliminates this bias, accurately predicting temperature anomalies across
the full range of individual and aggregate effects.

2.1.3 Intermediate complexity model (MESM) results

To validate our approach and demonstrate its scalability, we perform an
independent evaluation using an intermediate complexity climate model
that outputs zonal temperatures (MESM). By utilizing the SCM from the
previous section to generate optimized training scenarios that we then
simulate with the intermediate complexity model, we both verify our
optimized scenarios are useful for the more complex task of emulating
zonal temperatures and prevent any information leakage during train-
ing. Due to operational constraints associated with running MESM in
emissions-driven mode, we limit our evaluation to CO;-only scenarios. As
before, we compare a baseline emulator trained on six realistic emissions
scenarios (ScenarioMIP-CMIP? Priority 1) against emulators trained on
optimized scenarios, now using either one or two scenarios for training
(derived from constant and sinusoidal initializations, Fig. 2.7a and b).
Our results demonstrate that training on these optimized scenarios yields
performance that matches or exceeds the six-scenario baseline emulator
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across both alternate policy projections (Priority 2) and idealized forcing
scenarios (DECK). While the baseline emulator inherently retains the
highest skill on its own training data (Priority 1), our optimized emulators
demonstrate broad extrapolative improvements.

When emulating the intermediate complexity model, optimizing from a
sinusoidal initial emissions trajectory generally yields higher predictive
skill compared to a constant initialization, capturing a wider array of
long-term physical dynamics; the choice of initialization dictates which
physical features the optimizer can isolate. Because the sinusoidal initial
condition produces a trajectory with extended periods of decreasing and
net-negative carbon emissions (Fig. 2.7b), it provides more informative
features for extrapolating to new scenarios that exhibit these behaviors.
Specifically, the centennial-scale oscillations present in the sinusoidal
trajectory likely enable the optimization process to better constrain the
characteristic timescales of the climate system; these temporal modes are
required to accurately emulate delayed warming or cooling associated
with physical processes like deep ocean heat uptake. This translates
to increased skill, leading to a 12.5% average improvement over the
baseline emulator on Priority 2 scenarios and a 15.6% improvement
on the idealized DECK. In contrast, optimizing from a constant initial
condition produces a high-emissions trajectory (Fig. 2.7a) that lacks a
substantial period of net-negative emissions. As a result, though the
constant-initialized emulator marginally outperforms the sinusoidal
model on shorter, positive-emissions pathways (e.g., M, ML, L, M-ext,
and L-ext), it struggles to capture overshoot pathways like VLLO-ext
and H-ext-OS, and suffers a 28.9% decrease in skill on the idealized
DECK. Whereas several initial conditions yield similar performance
improvements over the baseline emulator in the SCM case (Appendix
B.6), the initialization of an optimized scenario plays a major role in the
case of emulating the intermediate complexity model.

Including optimized scenarios from both initial conditions in the em-
ulator training dataset (i.e., concatenating the outputs of two separate
optimization runs into a single expanded training dataset) yields, in sev-



eral cases, an improvement in skill that surpasses the performance of the
individual configurations combined (e.g., H-ext, IpctCO2, and VLHO-ext).
Training on these two complementary scenarios drives a 37.9% average
improvement in extrapolative skill on Priority 2 scenarios, indicating the
combined dataset captures a broader spectrum of physical responses
than either the six-scenario baseline or the individual optimized scenar-
ios. However, combining multiple trajectories can occasionally lead to
destructive interference. For example, performance on the current trends
policy scenario (CS3 CT) degrades relative to the individual optimized
configurations. This likely occurs because the emulator attempts to av-
erage the distinct physical feedbacks triggered by the high-warming
constant initialization and the more moderate sinusoidal initialization,
effectively interpolating to a non-physical intermediate state. While this
failure mode is restricted to this pathway and could potentially be re-
solved through scenario reweighting during optimization, our results
indicate more broadly that optimizing across multiple initial conditions
provides a robust pathway for training emulators that generalize across
a wide range of future climates.

2.2 Discussion

Generating maximally informative training data offers major utility for
ML models of physical systems, particularly where data generation
is computationally expensive. Our approach optimizes the training
data for a climate emulator directly using a low-cost surrogate simple
climate model, decoupling the computational cost of the optimization
process from the run-time of full-scale Earth System Models (ESMs).
While training data for ML surrogate models are typically generated
by costly numerical simulations”’*?", our method produces optimal
trajectories efficiently. This approach shares similarities with dataset
distillation’’*?!?, but differs fundamentally as we aim to generate a
maximally informative dataset based on a specific target rather than
identify salient features from an existing dataset. Our application to an
intermediate complexity climate model (MESM) validates the scalability
of this approach, showing increased predictive skill across structurally
dissimilar scenarios.

As this study utilizes a simple multi-layer perceptron, our results provide
a conservative estimate of the method’s potential. While employing
more complex sequence-based or attention-driven architectures would
likely yield higher absolute predictive skill by more effectively capturing
temporal dynamics, the simple neural network architecture highlights
the relative benefit of the optimized training data itself. As demonstrated
by the sensitivity analysis to changes in the neural network architecture
(Appendix B.6, sinusoidal initial condition), the optimized time series
generated by our approach are largely consistent across architectures. This
suggests that the features extracted by our method are physically salient,
rather than artifacts associated with a specific architecture. Further work
across alternate ML architectures, domains, and systems with stronger
nonlinearities is required to fully characterize our method’s performance,
but it could apply more generally to any ML approach integrated with a
differentiable synthetic data generation pipeline, highlighting its potential
for the design of parsimonious training data.
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Figure 2.7: Training data and perfor-
mance of optimized emulators relative
to baseline configuration across several
evaluation datasets when emulating an
intermediate complexity climate model
(MESM). (a) Emissions and GMST trajec-
tories resulting from optimizing for pre-
dictive skill over all scenarios when ini-
tialized from a constant emissions trajec-
tory. (b) Same as (a), but initialized from
a sinusoidal emissions trajectory. While
GMST is shown here for illustrative pur-
poses, the baseline and optimized em-
ulator configurations are trained to re-
produce zonal temperature anomalies.
(c) Change in predictive skill (NRMSE)
from the baseline emulator for CO;-only
scenarios across realistic emissions path-
ways (ScenarioMIP Priority 1 and 2, CS3)
and idealized scenarios (DECK). Posi-
tive values indicate improved accuracy
(reduced error). Bars represent global av-
erage (latitude-weighted) performance.
Const. and sine refer to optimized sce-
narios initialized from constant and si-
nusoidal trajectory, respectively. Both in-
dicates the emulator was trained on both
sets of initial conditions.



Scenarios characterized by high structural diversity are better suited
for both emulator training and understanding system behavior than
baseline scenarios. The unconventional, rapidly varying emissions tra-
jectories generated by our optimization process (Figs. 2.2, 2.5, and 2.7)
are highly informative for identifying a system’s response, as suggested
by system identification techniques®''. Our results show that potentially
many alternate choices for climate scenarios are more informative than
the current choice of standard policy projections (ScenarioMIP), leading
to higher predictive skill despite training on a smaller dataset. This is
supported by Giani et al. (2025)°° and Womack et al. (2026)?, which show
that traditional high-warming emissions scenarios used for emulator
training (e.g., SSP585) can cause the temperature response to reduce
to a single timescale, rendering the emulator unable to learn the full
system dynamics. Paired with the sensitivity analysis in Appendix B.6,
the generated trajectories illustrate that there is no single optimal scenario
for training, but rather a family of optimal scenarios for a given applica-
tion. For example, training on multiple scenarios generated from distinct
initial conditions (constant and sinusoidal) can yield an improvement in
extrapolative skill that surpasses the performance of the individual con-
figurations combined (Fig. 2.7). Optimizing over all scenarios additionally
increases average emulator performance regardless of the number of
forcing agents present (Fig. 2.4). This includes learning both individual
and aggregate forcing behavior from a single scenario (Fig. 2.6), with
emulator performance validated on out-of-distribution scenarios. This
skill has not been explicitly demonstrated by other emulation techniques,
illustrating the potential utility of our method.

We demonstrate the generalizability of our approach through the direct
transfer of optimized scenarios between structurally distinct climate
models (Fig. 2.7). Because transferability across model types is not
guaranteed a priori, the ability to use scenarios optimized exclusively on
the simple climate model to train a skillful emulator for the intermediate
complexity model supports the practical utility of the method. Whereas
the high computational cost of running thousands of simulations of
a full-scale model prohibits us from directly identifying an optimal
training scenario, this cross-model application indicates that a simple
surrogate model may be sufficient for this purpose; future work can
investigate simulating our optimized scenarios using a full-scale ESM.
Although using the simple model as a surrogate requires optimizing over
all scenarios simultaneously, which inherently introduces information
leakage, our independent evaluation using the intermediate complexity
model confirms that we are able to successfully isolate salient physical
features rather than merely overfitting to the evaluation metric.

Because our optimization procedure strictly requires a differentiable
climate model, our work demonstrates the utility of differentiability
across emulator training, calibration, and experimental design. First, we
show that differentiability enables our approach to generating maximally
informative training datasets. While backpropagation would be com-
putationally intensive for a full-scale differentiable climate model’'?, a
modified version of this method could be used to inform online emulator
training as a simulation is running, using the gradient to select the next
data point that minimizes the emulator’s loss. Second, we utilize the dif-
ferentiability of our simple model to calibrate it to reproduce the median
temperature response of the constrained, calibrated FaIR ensemble”!”
without the expert intervention required by standard calibration tech-
niques (e.g., minimizing the loss between observed and modeled climate
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statistics)”'*?°. Automatic differentiation accelerates this process and
provides a systematic approach to calibration'”*"=?'_ Finally, we use
the model to generate the sulfur injection trajectory necessary to recre-
ate the climate intervention scenario (GeoMIP Gésulfur) via automatic
differentiation. This allows us to compute the sensitivity of the output
temperature to the sulfur trajectory, addressing the lack of consistent
emissions protocols for such experiments””.

Although the question of emulator interpretability is always present
with nonlinear/black-box methods, our results highlight that the choice
of training data plays a large role in an emulator’s physical consistency.
While not fully interpretable, the improved extrapolative capability
of our optimized emulator may support the development of future
emulators targeted towards interpretability. By successfully learning
individual forcing effects and the full system response using only the
scalar GMST output from our optimized scenarios, we demonstrate a
rigorous surrogate for ESM emulation where the availability of spatial
information would likely simplify the separation of distinct forcing
signatures.

However, there are trade-offs in this approach. Training on multiple struc-
turally distinct scenarios can occasionally lead to destructive interference,
as seen when the emulator attempts to average the physical behavior
triggered by conflicting training regimes on the intermediate model’s
CT scenario. Additionally, scenarios with extreme structural differences
may have competing optimization goals, requiring more iterations to
achieve high performance. Future work can explore resolving these
issues in two ways. Methodologically, ensemble learning concepts like
boosting”’ could sequentially generate optimal features missing from
prior datasets. Physically, a two-step training procedure could separate
system identification from optimization: (1) estimate intrinsic climate
timescales through idealized experiments (e.g., abrupt-4xCO2%); (2) use
sinusoids of those frequencies as initial conditions for our methodology,
allowing the optimizer to find the remaining salient structures.

As full-scale ESMs cannot keep pace with the ever-increasing demand for
climate projections beyond CMIP, the popularity of climate emulators for
scenario assessment continues to grow. While this study demonstrates
the foundational theory and approach for generating optimal emulator
training scenarios, fully realizing the utility of this method requires
operational implementation to scale these results. This involves apply-
ing it to a differentiable intermediate complexity model" to evaluate
how additional variables like precipitation alter the optimal emissions
trajectory, and concurrently utilizing the trajectories derived in this work
as forcing inputs for a full-scale ESM. Evaluating an emulator on these
outputs will enable a direct performance comparison against a baseline
emulator trained on standard policy projections. Since previous work
has shown that standard scenarios are suboptimal for emulator develop-
ment, modeling centers should consider dedicating resources to generate
simulation data explicitly designed for machine learning. Moreover, the
inherent uncertainty of future socio-economic pathways (e.g., CMIP8
and beyond) requires training emulators to capture the broadest possible
range of climate dynamics; the optimization presented in this work pro-
vides one structured approach to achieve this scenario diversity. Because
these trajectories diverge significantly from standard model intercompar-
ison protocols, they effectively force models into regimes outside their
typical tuning. These stress tests offer utility beyond emulator training
by quantifying model uncertainties under out-of-distribution forcings.
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Establishing a formal intercomparison project for emulator development
would benefit both the climate modeling and impacts communities. Such
an initiative would produce robust emulators capable of generating large,
impact-relevant ensembles in a fraction of the time, ultimately freeing
computational resources to focus full-scale models on frontier Earth
system science.

2.3 Materials and methods

1. Training data optimization. We frame the generation of training data as
a bi-level optimization problem (Fig. 2.1); we outline our procedure here
and include more detail in Appendix 1. Our objective is to find a specific
set of training emissions (Ugin) that minimizes the error of an emulator
trained on that data when tested against a target set. This problem consists
of an implicit inner level (training the emulator parameters 0) and an
explicit outer level (updating the training emissions). The optimization
objective is given mathematically as

arg min Prest (Utrain/ Otrain, D test) ’
Utrain

where O,in represents the parameters of the emulator after training
on the data generated by Uyain and Dies is a test dataset held constant
during optimization.

1.1 Inner level (emulator training): The inner level consists of training an
emulator to map from emissions to temperature anomalies. We construct
training features (Xrain) from our emissions time series (Uyrain). We then
force the SCM with Uyrin to generate the corresponding GMST anomalies
(Vtrain), which serve as ground-truth targets. The emulator is trained via
Stochastic Gradient Descent (SGD) to minimize the Mean Squared Error
(MSE) between its predictions and yir,in, resulting in optimized network
weights (0).

1.2 Outer level (emissions update): The outer level tests the performance
of the trained emulator on Diest. We quantify test performance using sce-
nario length-weighted NRMSE (Zicst); length-weighting prevents short
scenarios from being overrepresented during optimization. To update
Utrain to minimize Py, we utilize Automatic Differentiation (AD) to
efficiently calculate the gradient Vy,,,;, Zrest by backpropagating through
the testing, training, and data generation processes. We then apply these
updates via an SGD optimizer with momentum?®?!. A complete break-
down of the chain rule expansion of our procedure and the corresponding
pseudocode is provided in Appendix B.1.2.

2. Simple and intermediate complexity climate models. To enable our
optimization procedure, we present a differentiable implementation of an
SCM based on the FaIR SCM”*. Implemented in JAX, this model leverages
automatic differentiation for efficient gradient-based calibration while
retaining the core structural components of FaIR. We use a three-box
impulse response model to calculate GMST anomaly time series based
on total effective radiative forcing from five forcing agents: CO,, CHy,
N>O, sulfur, and black carbon; a full description of the model and its
calibration can be found in Appendix B.2.

To more rigorously test the suitability of our optimized scenarios to
train emulators of more sophisticated models than our SCM, we utilize
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MESM???, an EMIC that includes a two-dimensional, zonally averaged
atmospheric model with interactive chemistry coupled to a zonally
averaged land model and an anomaly-diffusing ocean model; see Sokolov
et al. (2018)??? for a full description. As MESM is not differentiable, we
use outputs from the optimization procedure from our differentiable
SCM as inputs to MESM, simulating the zonal temperature response
to these emissions. We additionally simulate the scenarios outlined in
Appendix B.5; all MESM simulations are run as a thirty-member initial
condition ensemble.

3. Neural network emulator. We implement a neural network emulator to
predict temperature from emissions for both climate models considered
in this work. We emulate GMST from our SCM and ensemble-average
zonal temperatures from MESM. As this work focuses on the impact of
training data, rather than emulator architecture (i.e., emulator structure
and feature design), on predictive skill, we use the simplest possible
neural network: a multi-layer perceptron; improvements in predictive
skill are likely possible with more advanced architectures. We train sev-
eral emulator configurations for each climate model: a baseline emulator
trained on the proposed Priority 1 scenarios from ScenarioMIP-CMIP7,
along with one emulator for each set of optimized training data as de-
scribed in Appendix B.5. A full description of the emulator architectures
used for each climate model can be found in Appendix B.3.

4. AI use disclosure. We used Gemini 3.1 Pro to help refactor and
document the Python scripts and Jupyter notebooks underlying our
training data optimization and figure generation. The Al was used
strictly for code assistance, not for the direct generation of graphic assets.
All Al-assisted code was reviewed, tested, and verified by the lead author,
who assumes full responsibility for its accuracy. The resulting codebase is
made publicly available on GitHub*, and users assume all responsibility
when running or adapting the code for their own applications.

T https://github.com/cbwomack/Emulator_Training_Data
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Assessing spatially explicit
sensitivities to scenario
uncertainty through climate
emulation

It occurs to me that our survival may depend on talking to one
another.

— Dan Simmons, Hyperion

As THE IMPACTS OF CLIMATE CHANGE CONTINUE TO INTENSIFY, the demand for
climate projections to inform adaptation and mitigation efforts grows.
Earth System Models (ESMs) are our most comprehensive tools for
analyzing physical climate uncertainty, but their high computational and
temporal costs limit their utility for exploring the vast space of scenarios
resulting from different socio-economic development pathways and
climate policy assumptions®**>**. Conversely, Integrated Assessment
Models (IAMs) efficiently project the coupled socio-economic outcomes of
physical and social interactions for different scenarios®?223-226 However,
translating their outputs to climate impacts has typically entailed running
projected emissions either through full ESMs or simpler models like
Simple Climate Models (SCMs) (e.g., MAGICC”" or FaIR**"*) and Earth
system Models of Intermediate Complexity (EMICs) (e.g., MESM???).
ESMs give spatially explicit climate outcomes, but are so computationally
expensive that they can only be used for a limited number of scenarios. In
practice, they are rarely used for custom IAM scenarios outside of the the
Coupled Model Intercomparison Project (CMIP). SCMs and EMICs are
computationally efficient and capable of exploring many scenarios, but are
limited to aggregated global- or regional-scale climate outcomes, which
lack the spatial resolution required for spatially explicit risk assessment.
To get to that scale, an additional downscaling step is required, making
the approach more complex and less accessible. Decision makers need
risk assessment tools that more efficiently bridge the IAM and ESM
paradigms, providing probabilistic spatially explicit information on
actionable timescales without the prohibitive computational overhead of
full-scale ESM ensembles.

Traditionally, translating policy decisions into spatially explicit climate
outcomes for emissions scenarios beyond those considered in CMIP has
employed the second approach mentioned, and has therefore required
some form of spatially resolved climate emulation®*. This process involves
mapping coarse variables (e.g., global mean surface temperature) to spa-
tially explicit scales. Pattern scaling—the linear regression of spatial cli-
mate variables against global mean or zonally averaged temperature—is
one of the most widely used methods for rapidly projecting the impacts of
future emissions scenarios, demonstrating success in reproducing mean
climate trends for a number of variables’*”%”*52127 More broadly, emu-
lators are increasingly being used for impact assessment®>°%, along with
applications such as attribution and net-zero pathway comparisons®”~>.

However, impact assessment requires both an accurate representation
of spatially explicit climate processes and the ability to quantify the
three primary sources of uncertainty in climate projections™: internal
variability (inherent chaos of the climate, dominant on annual timescales),

model structural uncertainty (representation of the physics and dynam-
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ics, dominant on annual-to-decadal timescales), and scenario uncertainty
(human factors, dominant on decadal-to-centennial timescales). While
scenario uncertainty is typically addressed through a handful of dif-
ferent emissions or concentration scenarios??, there have been some
probabilistic approaches to quantify the socio-economic uncertainty that
drives scenarios””’~>?!. Efforts such as CMIP have made great strides
towards quantifying model structural uncertainty under a common set
of anthropogenic forcings®*®. Ensemble modeling strategies have also
been used to address model structural uncertainty, as well as to assess
both present and future ranges of internal variability****’. For example,
the MIT Integrated Global Systems Model (IGSM) utilizes an ensemble
pattern scaling approach to capture model structural uncertainty while
incurring much lower computational costs than an ESM®>”%, allowing
for greater exploration of scenario uncertainty. However, this approach
does not allow for the sampling of individual realizations without first
running an EMIC to project zonal temperatures for emulation, limiting
its accessibility. Capturing compound climate risks that directly impact
societal metrics like labor productivity, such as wet bulb temperature
(heat stress) and Vapor Pressure Deficit (VPD) (fire risk)'**!'%, requires
individual realizations that incorporate internal variability with accurate
spatial correlations and cross-correlations between variables.

To address the challenge of rapidly projecting compound climate haz-
ards for any custom scenario, we couple the MIT Emissions Prediction
and Policy Analysis (EPPA) model**? and the Finite Amplitude Im-
pulse Response (FaIR) SCM”* with a generative diffusion-based climate
emulator'’®. Traditional pattern-scaling approaches can effectively cap-
ture the monotonic mean response of climate variables to increasing
Global Mean Surface Temperature (GMST), but are limited in their ability
to represent statistical distributions. In contrast, this generative emulator
directly models the full joint probability distribution of the parent ESM at
the grid-cell level. This allows it to capture spatially explicit correlations
that would otherwise be omitted by pattern scaling. We utilize this
emulator to generate stochastic realizations—defined here as an individ-
ual ensemble member representing a single potential climate state—of
spatially explicit climate anomaly fields. This approach combines the
accessibility of a Python-based SCM with the spatial fidelity of an ESM,
solving the computational bottleneck while preserving the cross-variable
correlations necessary for assessing compound hazards. Combining this
approach with an IAM enables rapid assessment of spatially explicit
climate impacts and sensitivities to scenario uncertainty.

We first benchmark our emulator against the existing MIT IGSM pattern
scaling approach’®, demonstrating that it performs equivalently in repro-
ducing climate fields while offering increased flexibility and accessibility.
We then apply this framework to investigate the detectability of statis-
tically significant spatially explicit climate differences between several
policy scenarios. Finally, we use the emulator to proactively assess the pro-
jected ScenarioMIP-CMIP7 scenarios prior to the release of full-scale ESM
datasets'?°. By generating ensembles of wet-bulb temperature and VPD
projections, we provide an early assessment of how different emissions
pathways may amplify acute climate risks, highlighting implications for
disparate impacts informing regional adaptation planning.
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3.1 Methods

3.1.1 Socio-economic emissions scenarios

To characterize future climate risks under socio-economic uncertainty
and varying degrees of policy stringency, we utilize a set of emission
pathways generated using the MIT EPPA model. EPPA is a multi-sector,
multi-region Computable General Equilibrium (CGE) model of the world
economy designed to project economic growth, energy transitions, and
anthropogenic emissions of greenhouse gas and air pollutants?**~2%.

We focus on three EPPA scenarios: a Reference (current policies) scenario,
a 2°C stabilization scenario, and a 1.5°C stabilization scenario; see Table
3.1 for descriptions of each scenario considered in this work. For each
scenario, we utilize a 400-member ensemble of simulations that survey a
broad range of uncertainties in key socio-economic parameters, including
labor and capital productivity, population growth, energy technology
costs, and fossil fuel resource availability; see Morris et al. (2019)>** and
Morris et al. (2025)*% for full details. While EPPA generates detailed
regional emissions data, we aggregate these regional projections into
global total CO,-equivalent emissions trajectories to drive our climate
emulator (Section 3.1.2). We project climate outcomes for the median
emissions pathway for each parameter ensemble to represent the central
tendency of each policy outcome. These scenarios provide a granular
view of socio-economic and policy uncertainty while enabling us to
directly benchmark against previous efforts that applied the pattern
scaling framework described in Section 3.1.3.

In addition to the EPPA ensembles, we also consider the projected
emissions pathways of ScenarioMIP for the upcoming CMIP7 exercise'°.
The pathways utilized in this study are preliminary, stylized trajectories
produced by the FaIR SCM, rather than the final scenarios being generated
by IAMs at the time of writing this manuscript. By emulating these
preliminary pathways now, we can assess potential regional impacts
months to years before the official ESM outputs become publicly available.
As a result, these emulated results represent approximations in four
distinct ways: first, the emissions pathways themselves are stylized
and subject to change; second, the global temperature outcomes may
differ significantly from the FalR projections once ESMs are run in fully
emissions-driven configurations; third, the resulting spatial climate fields
are emulated rather than simulated; and fourth, the emulator is trained
to reproduce CMIP6 model output (described in the following section),
as CMIP7 model output is not yet available for training. Despite these
structural limitations, this framework provides an early look at how the
next generation of standard climate scenarios might unfold under CMIP6
structural assumptions.

3.1.2 Generative climate emulation pipeline

To translate emissions pathways into spatially explicit climate realizations,
we employ a two-stage modeling pipeline. First, we utilize the FaIR SCM
calibrated to reproduce the MPI-ESM1-2-LR ESM GMST—the same model
used to train our emulator—to simulate the deterministic, forced GMST
anomalies relative to preindustrial conditions™. FalR is either driven by
CO»-equivalent emissions derived from the EPPA model scenarios, or
the full set of emissions (i.e., all greenhouse gases and aerosols) from
the approximate ScenarioMIP-CMIP7 scenarios (detailed in Section 3.1.1).
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This step provides the annual-mean GMST trajectories necessary to drive
stage two: emulating monthly average climate anomalies at grid-cell
resolution.

We use a machine learning-based climate emulator implemented via the
climemu Python package; see Bouabid, Souza, and Ferrari (2026)'° for
further details on emulator architecture, training, and evaluation. The
emulator is a diffusion model conditioned on GMST that simultaneously
projects monthly averaged anomalies for near-surface air temperature,
precipitation, relative humidity, and near-surface wind speed. It is trained
on output from the MPI-ESM1-2-LR ESM for the Shared Socioeconomic
Pathways (SSPs), piControl, and historical scenarios from the sixth phase of
the Coupled Model Intercomparison Project (CMIP6)**%235, The emula-
tor is evaluated against its parent ESM by comparing the distributions of
emulated climate variables with those from large ensemble MPI-ESM1-2-
LR simulations. Across both pre-industrial regime and warming scenarios
not seen during training, the distributions show good agreement in Earth
mover’s distance (measures similarity between probability distributions),
cross-correlation, and tail behavior. Inaccuracies in the emulator are
generally small relative to the magnitude of internal variability in the
ESM ensemble, or occur at scales close to the numerical grid, for which
the ESM can already not be treated as perfectly accurate. An exception
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Table 3.1: Complete list of scenarios used in this work. Scenario descriptions for the EPPA scenarios are taken from Morris et al. (2025)?%,
while ScenarioMIP-CMIP7 descriptions are derived from van Vuuren et al. (2026)!?°?. Each ScenarioMIP-CMIP7 scenario additionally

has an Extension variant, which extends the emissions trajectories out to 2500.

Activity Scenario Short Description
EPPA Reference No Paris Agreement targets, but expansion of renewables policies
2°C Paris NDC targets are met by all countries by 2030, after which
there is an emissions cap, implemented with a global emis-
sions price, ensuring 2100 GMST does not exceed 2°C above
pre-industrial levels with a 66% probability
1.5°C Paris NDC targets are met by all countries by 2030, after which

there is an emissions cap, implemented with a global emissions
price, ensuring 2100 GMST does not exceed 1.5°C above pre-
industrial levels with a 50% probability

ScenarioMIP H

High: High emission scenario exploring potential high-end im-
pacts.

(Priority 1) M Medium: Medium emission scenario consistent with current

policies.

ML Medium-Low: Delayed mitigation effort, insufficient to meet Paris
Agreement goals.

L Low: Scenario consistent with likely staying below 2°C.

VLLO Very Low with Limited Overshoot: Consistent with limiting
warming to 1.5°C by 2100 with limited overshoot.

VLHO

Very Low after High Overshoot: Scenario with similar end-of-
century temperature impact to VLLO, but with delayed near-term
mitigation and reliance net-negative emissions, resulting in a
higher overshoot.

@ At the time of performing this investigation and writing this manuscript, the final version of ScenarioMIP-CMIP7 was not yet published.
As a result, we use the scenarios outlined in the preprint manuscript, not including the High-to-Low scenario added in the final version.



is precipitation, where the emulator struggles to capture pronounced
regime shifts for example in regions influenced by the seasonal migration
of the Intertropical Convergence Zone. By conditioning on the determin-
istic FaIR-generated GMST, the diffusion model generates independent
stochastic realizations of regional climate anomaly fields. This approach
allows us to rapidly generate large ensembles, capturing shifts in internal
variability and exploring extremes without the prohibitive computational
cost associated with running full-scale ESMs. Unlike other approaches
that emulate climate variables individually”*%>712127.159 ‘this approach
preserves both cross-variable correlations at the grid-cell level and spatial
correlations within each variable. This capability is crucial for integrating
emulators into impact assessment frameworks, as these abilities allow
us to capture compound impacts (e.g., wet bulb temperature and vapor
pressure deficit, Section 3.1.5) and synoptic-scale structures, such as heat
domes or monsoons'”°.

3.1.3 Benchmarking against CMIP6 pattern scaling

To evaluate our methodology, we benchmark our results against the
pattern scaling framework used within the MIT IGSM. As described by
Gao, Sokolov, and Schlosser (2023)", this procedure begins by utilizing
18 CMIP6 models to calculate baseline monthly climatologies for each
climate variable of interest. They then derive pattern-scaling kernels and
pattern-change kernels that define how each spatially explicit variable
scales with temperature. The IGSM then couples the EPPA model with
the MIT Earth System Model (MESM) to simulate a 50-member initial con-
dition ensemble for each scenario, giving stochastic, zonal temperatures
that are pattern-scaled to grid-cell resolutions. This approach ensures
consistency across interactions between key socio-economic drivers (e.g.,
economic development, energy and land system changes) and physical
climate responses, improving assessments of climate impacts across
multiple sectors.

However, this IGSM workflow presents specific limitations for spatially ex-
plicit compound risk assessment. Traditional pattern scaling approaches
successfully preserve physical consistency between the mean projected
climates of different variables; e.g., an increase in mean temperature
will appropriately correlate with a decrease in mean relative humidity.
They do not, however, capture the physical cross-correlations between
variables within an individual realization. Despite the IGSM’s ability
to capture some notion of internal variability, its zonal resolution when
generating realizations limits its representation of processes that exist on
finer spatial scales. Consequently, while its pattern-scaled outputs are
climatologically useful, they cannot accurately simulate the co-occurrence
of spatially explicit extremes required to model compound climate im-
pacts. Furthermore, while the IGSM’s use of an intermediate complexity
model is more computationally efficient than a full-scale ESM, running
a new large ensemble still requires on the order of a day, limiting its
utility for real-time applications and online simulation of socio-economic
feedbacks.

We benchmark our generative emulator against this established method-
ology by generating realizations for mid-century (2040-2050) and end-
of-century (2090-2100) periods. We utilize the Reference policy scenario
outlined in Gao, Sokolov, and Schlosser (2023)”® and Morris et al. (2025)>%”
(described in Table 3.1). To ensure an accurate comparison between the
two approaches, we calculate the annual GMST from the IGSM projec-
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tions over the target decades and use these values as the input to our
emulator. This is in contrast to when we project new scenarios, where we
use FalR as described above. While the IGSM pattern-scaling approach
includes patterns from 18 CMIP6 models, we restrict our analysis to the
Max Planck Institute ESM to maintain consistency with our emulator’s
training data. Because the IGSM reproduces the high-resolution version of
the model*! while our generative emulator reproduces the low-resolution
version®?°, we regrid the IGSM output to match the lower resolution. We
therefore expect large-scale agreement between the two approaches, with
minor deviations corresponding to the structural differences between
the high- and low-resolution ESMs configurations.

3.1.4 Hypothesis testing

A distinct advantage of our generative emulator over traditional pattern-
scaling approaches is its ability to sample from a probability distribution
that is statistically consistent with the parent ESM!*°. This is particularly
relevant over land, where the emulator captures not only the mean
response, but also forced shifts in internal variability, enabling human-
relevant uncertainty quantification. By repeatedly sampling from the
emulator, we generate large ensembles of realizations for any given
scenario.

Using these grid-cell-level distributions, we can assess the impact of
differing scenarios and their policy assumptions on spatially explicit
climate outcomes. We perform grid-cell-wise independent two-sample
t-tests on each generated distribution. For a given location, we com-
pare the ensemble of spatially explicit anomalies generated under dif-
ferent policy scenarios (e.g., Reference vs. 1.5°C) to determine if their
mean responses are statistically distinguishable. Because conducting
simultaneous hypothesis tests across an entire spatial grid inherently
increases the probability of falsely identifying significant differences, we
control the False Discovery Rate (FDR) using the Benjamini-Hochberg

procedure”*®?¥; implementation details are provided in Appendix C.1.

3.1.5 Impact metrics

We analyze metrics related to human heat stress and wildfire risk as
examples of societal and environmental impacts from the approximate
ScenarioMIP-CMIP7 scenarios. All metrics considered require accurate
reconstruction of cross-variable correlations, a capability provided by
our generative emulator framework. We assess broad shifts in baseline
human heat stress using Wet-Bulb Degree-Days (WBDD), a cumulative
proxy metric that integrates the intensity of emulated heat events that
exceed a baseline thermal threshold. Because our emulator generates
monthly averaged fields rather than daily data—inherently smoothing
the acute diurnal extremes that drive immediate physiological heat
stress—we utilize a conservative critical mean threshold of 25°C rather
than the 31°C often cited in daily analyses; future work can apply
another version of the emulator trained to generate daily statistics to this
problem. During the summer months (JJA in the Northern Hemisphere
and DJF in the Southern Hemisphere), the standard deviation of daily
wet-bulb temperatures ranges from 0.5°C to 3.0° depending on the region
(Appendix C.2.1). Although true daily temperature distributions can be
non-Gaussian'?’%, this regional variance provides a practical heuristic.
As the monthly average wet-bulb temperature crosses the 25°C proxy
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threshold, there is a high likelihood of experiencing acute daily extremes,
such as sustained multi-hour exposures to 28°C or 31°C.

We first generate absolute temperature (T) and relative humidity (RH)
fields by combining the emulator’s anomaly projections with a baseline
climatology calculated from the parent climate model’s piControl run.
We then compute the wet-bulb temperature (I;,) using the approxima-
tion described by Stull (2011)'**. While monthly averaged T, is highly
correlated with monthly averaged T, incorporating humidity changes
provides a more physically complete proxy for long-term shifts in re-
gional heat stress. This approximation is valid for T € [-20°,50°C] and
RH € [5%,99%]; data outside these ranges are discarded. The excess
intensity is calculated as max(0, T, — 25), which we multiply by the
number of days in the respective month to derive the monthly WBDD.
We aggregate these values to compute the total cumulative heat stress
and spatially weighted global averages to track the evolution of risk
across different emissions pathways.

To evaluate changes in fire danger, we calculate VPD, which serves as a
primary indicator of atmospheric water demand and represents a reliable
predictor of dead fuel moisture content’*”?*. Sustained elevated VPD
induces severe stress on living vegetation, driving plant mortality and
increasing the availability of highly flammable dead fuel. Because of
this mechanistic link to fuel moisture content, VPD has been shown
to be strongly correlated with fire activity across boreal, temperate,
Mediterranean and tropical ecosystems!?>?*"=246, We calculate VPD as
the difference between the saturation vapor pressure (e;, derived via the
Clausius-Clapeyron relation) and the actual vapor pressure (e,):

VPD = ¢,(T) — eq(T, RH). (3.1)

We focus our fire weather analysis on two regions in the Continental
United States (CONUS): the Pacific Northwest and Southwestern United
States, regions where intense fire seasons are becoming increasingly
frequent due to climate change”**?*/>*%. We calculate the average VPD
over the summer months (June, July, August; JJA) across an ensemble
of realizations under future ScenarioMIP-CMIP7 projections. We addi-
tionally calculate the 95% confidence interval alongside the mean for
all projections. While monthly average VPD cannot resolve acute daily
fire-weather events, we use it as a proxy for overall seasonal risk. The
95% confidence interval quantifies the internal variability of the climate
system learned by the generative emulator. By bounding the natural fluc-
tuations of the monthly mean, this uncertainty quantification provides
decision makers with a probabilistic understanding of compound risks
that pattern-scaling approaches cannot reliably capture.

3.2 Results

3.2.1 Benchmarking against MIT IGSM pattern scaling

We emulate a 50 member ensemble for the Reference scenario to bench-
mark the generative emulator against the IGSM ensemble pattern scaling
approach. Overall, the emulator is consistent with the baseline technique
in reproducing mean climatological states in mid-century (2040-2050,
Figure 3.1). However, structural differences arise due to the training data
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sources. The pattern scaling approach is trained from the high-resolution
MPI model, and we regrid its outputs to match the coarser resolution
of the generative emulator trained on the low-resolution MPI model.
As a result, the pattern scaled data retain signatures of small-scale fea-
tures, such as orographic effects over the Andes, Himalayas, and Rockies,
that the high-resolution model resolves explicitly. While these fine-scale
features represent physically plausible responses to regional topogra-
phy, the added value of high-resolution climate simulations remains a
subject of ongoing debate; increased spatial resolution can sometimes
introduce false precision due to imperfections in sub-grid physical pa-
rameterizations, and internal variability may mask fine-scale response
patterns®*’~°!. Our emulator, trained on the low-resolution model, does
not reproduce these sharp features. Additionally, the diffusion process in-
herent to the generative model tends to smooth the climate fields slightly
relative to the parent model'’®. Despite this smoothing, the emulator
captures the dominant large-scale spatial patterns across the evaluated
variables.

Differences are more apparent when analyzing higher-order statistics,
specifically the standard deviation and 95th percentile fields for variables
beyond temperature. While the spatial features remain broadly consistent
between the two techniques, the generative emulator generally predicts
a lower standard deviation, particularly for relative humidity over South
America, Africa, and Northern Asia. This is again likely attributable
to the difference in resolution of the two models, as the variability
of the high-resolution model is generally considered more realistic in
these regions*!. Conversely, the generative emulator predicts greater
extremes in relative humidity over high-latitude regions compared to
pattern scaling, while predicting lower extremes over the Sahara and
Australian deserts. Precipitation fields are nearly identical, with the
exception of the ENSO region off the coast of western South America,
where our emulator projects a greater mean, standard deviation, and 95th
percentile into the Pacific Ocean. We see a similar pattern for wind fields,
where the large-scale circulation is matched, but the 95th percentile
shows smoothing in the tropics, along with decreased variability in the
Antarctic. Previous work, however, has shown that CMIP6 models tend to
show large inter-model variability in Antarctic winds?>?, which is likely
reflected here as well. Additionally, we note a ringing or wave-like artifact
in the spatial fields of certain variables, particularly relative humidity
and precipitation. This behavior is likely an artifact of the neural network
architecture'”. Future work can explore whether training the generative
model on high-resolution ESM outputs resolves this issue.

These benchmarking results hold for end-of-century emulation (Ap-
pendix C.2.2), despite higher warming projections (2090-2100, Fig. C.2).
While temperature and precipitation distributions are functionally equiv-
alent to the mid-century in terms of their relative performance to pattern
scaling, we observe slightly more pronounced differences in the standard
deviations of relative humidity and wind speeds. The pattern scaling
approach projects a larger increase in standard deviation of relative hu-
midity over North America under warming; our emulator captures this
signal with a reduced amplitude and smoother gradients. Additionally,
the generative emulator predicts greater wind extremes over the Southern
Ocean compared to pattern scaling, suggesting a difference in how the
generative model (or the low-resolution parent ESM) extrapolates in this
region.
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In the context of these benchmarks, our emulator operates within a
useful envelope of uncertainty, producing results that are statistically
comparable to both ESM and pattern-scaled IGSM outputs. However,
the generative approach offers the advantage of not requiring an EMIC
run prior to emulation while additionally capturing forced shifts in
internal variability. By generating physically consistent realizations of
cross-correlated variables without this computational bottleneck, our
framework enables uncertainty quantification (Section 3.2.2) and com-
pound risk assessment (Section 3.2.3).

3.2.2 Statistical significance and scenario uncertainty

We use the generative emulator to assess whether grid-cell-level changes
in climate anomalies are statistically significant at the end of century
between the Reference and 1.5°C scenarios, along with the 2°C and 1.5°C
scenarios; emissions and corresponding FalR-simulated GMST are shown
in Figure 3.2a and b. We focus on the most extreme months of the year,
January and July, as these yield the clearest changes in our variables of
interest. Figure 3.2c illustrates that the generative emulator reproduces
key physical behaviors of the climate system, particularly the magnitude
of internal variability relative to the forced anthropogenic signal for
variables beyond temperature. At grid-cell scales, internal variability
can mask the forced trend between scenarios for precipitation, relative
humidity, and wind speeds, leading to statistically insignificant differ-
ences between scenarios; this effect is pronounced when comparing the
low-warming scenarios. This behavior is physically consistent with other
work describing the detection of both future forced climate responses and
differences between emissions scenarios, which demonstrate that forced
climate trends become detectable first in the tropics due to relatively low
internal variability, whereas high-latitude signals are often masked by
synoptic-scale noise?**2.

Global spatial analysis

Changes in temperature anomalies between the Reference and 1.5°C
scenarios are statistically significant across nearly all grid cells in both
January (99.55% of global area) and July (99.46%) in 2100. The maximum
change in temperature anomaly in January is roughly 6°C greater than in
July, however. This aligns with the well-established phenomenon of Arctic
amplification, which is most pronounced in winter months due to the
release of accumulated heat from the Arctic Ocean”°. Spatially explicit
differences between the 2°C and 1.5°C worlds are less pronounced (50.97 %
of global area in January and 63.28% in July). Statistical significance over
land correlates with the regional summer (e.g., July in North America,
January in Central and Southern Africa), though other areas such as South
America and Central Asia experience detectable changes regardless of
season. In contrast, several oceanic regions, such as the Southern Ocean
and the ENSO region, do not exhibit statistically significant differences
between the two stricter policy scenarios. Broadly, our results show that
significant temperature differences between scenarios are more likely to be
detectable in the tropics than in extratropical regions. The tropics exhibit
low internal variability due to consistent solar insolation and high thermal
inertia’”>?°*, whereas extratropical regions are characterized by high
internal variability driven by baroclinic wave activity and atmospheric
teleconnections®”.
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Figure 3.1: Mean, standard deviation, and 95th percentile of emulated climate fields with 50 ensemble members for the EPPA Reference
scenario between 2040-2050 emulated with the MIT IGSM + pattern scaling (upper half of each row) and our generative emulator (lower
half of each row). Climate fields are given from top to bottom as: near-surface air temperature, precipitation, relative humidity, and
near-surface wind speed.
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Figure 3.2: Global mean and spatial quantities for EPPA scenarios considered in Section 3.2.2. (a) Emissions (Gt CO;-equivalent)
trajectories for 400-member EPPA parameter ensemble; (b) global mean temperature anomaly (°C) corresponding to (a) as simulated
by the FaIR SCM. Shaded regions indicate 95% confidence interval, while the solid line indicates the median trajectory. (c) Difference
between mean climate anomalies in 2100 produced by the generative climate emulator over 100 realizations between the EPPA Reference,
2°C, and 1.5°C scenarios in January (left) and July (right). The left sub-column compares the Reference and 1.5°C scenarios, while the
right sub-column compares the Reference and 2°C scenarios. Climate fields are given from top-to-bottom as near-surface air temperature,
precipitation, relative humidity, and near-surface wind speed. Stippling shows statistically significant regional differences between
scenarios and labels under each map indicate the percent of Earth’s surface area with statistically significant changes.

For precipitation, relative humidity, and surface winds, statistically
significant changes in 2100 are generally restricted to the comparison
between the Reference and 1.5°C scenarios. For example, roughly 18% of
the globe has statistically significant differences for precipitation between
these scenarios, with no statistically significant differences between the
low-warming scenarios. Similar to temperature, detection of the forced
trend is more likely during the regional summer. Relative humidity
exhibits the strongest signal among these variables, particularly in the
Northern Hemisphere summer. However, when comparing the 1.5°C
and 2°C worlds, almost no regions emerge with statistically significant
changes for these variables. While minor shifts in the mean exist at the
grid-cell level, they are negligible compared to the magnitude of internal
variability. This null result aligns with IPCC AR®6 findings and other

recent work??%2°0 which highlight that regional precipitation changes 258 [pCC, 2023; 259 Tebaldi, O’'Neill, and
Lamarque, 2015; 20 Dai et al., 2024



82

are difficult to detect due to internal variability, with emergence often not

occurring until late in the century, if at all, for low-warming scenarios”®.. 261 gepyhen et al., 2026

Regional uncertainty analysis

Figure 3.3 displays the distributions of absolute temperatures in 2100
across the Reference, 2°C, and 1.5°C scenarios for example locations
in four distinct climatological zones: (a) Denali, Alaska; (b) Palau; (c)
Bogota, Colombia; and (d) the Kalahari Desert, Botswana. We derive
these distributions by generating 250 realizations for each scenario and
averaging the resulting temperature over each region, and constructing
the full probability distributions of the monthly temperature outcomes.

Denali, AK (63.1°N) Season and Scenario

i i i I Win. Ref I Sum. Ref
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Figure 3.3: Frequency of occurrence of absolute temperature values across (a) Denali, Alaska; (b) Palau; (c) Bogotd, Colombia; and (d) the
Kalahari Desert, Botswana. Distributions are given for winter (blue) and summer (red) for the EPPA Reference, 2°C, and 1.5°C scenarios;
summer (winter) is JJA (DJF) for the Northern Hemisphere and inverted for the Southern Hemisphere. Dashed lines indicate distribution
means.
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The spatial distributions further highlight the role of internal variability in
limiting our ability to detect policy impacts at a spatially explicit level. The
two tropical locations, Palau and Bogotd, exhibit narrower distributions
with less overlap between scenarios than the extratropical regions. This
separation supports the observation that tropical locations see clearer
forced signal trends due to lower internal variability””*. Denali and the 254 {awkins and Sutton, 2012
Kalahari Desert exhibit much broader distributions, indicating a high
intra-seasonal standard deviation. Neither Denali nor the Kalahari Desert
shows statistically significant separation in mean temperatures between
the low-warming scenarios during their respective winter months. The
spread of near-surface temperatures in winter is wider than in summer,
obscuring the signal of the different scenarios. This offers an additional
validation of the emulator’s physical consistency, as previous work has

shown that internal variability is maximized in extratropical winters>®. 256 Taylor et al., 2022



In the Northern Hemisphere, this is driven by modes such as the Pacific-
North American (PNA) pattern, which strongly modulates monthly
temperatures”®”. In these locations, internal variability can mask spatially
explicit differences between globally distinct scenarios.

3.2.3 CMIP7 compound impact assessment

A major use case of emulators is their ability to assess the potential
outcomes of emissions scenarios in a fraction of the time required for
full-scale ESMs. To that end, we utilize our generative emulator to assess
potential outcomes for the approximate ScenarioMIP-CMIP7 scenarios
prior to the availability of full-scale ESM simulations. While ESMs
remain essential for validation, the emulator provides a first estimate
of the spatial distribution of emerging risks. The emulator may exhibit
biases in strong overshoot scenarios or when strong non-linear feedbacks
that are not fully captured by conditioning solely on GMST occur (e.g.,
Arctic amplification post-2100). However, the goal of this assessment
is not to provide precise forecasts, but to characterize the range of
CMIP7 outcomes. Specifically, we focus on compound impact metrics to
highlight the emulator’s ability to generate spatially and cross-correlated
realizations of multiple variables.

Heat stress and wet-bulb temperature

We utilize the Stull (2011)** approximation to calculate wet-bulb tem-
perature (T;,) at each grid cell, excluding values that fall outside of the
approximation’s functional range. We generate 50 samples for each month
from 2000-2300, conditioned on the annual GMST anomaly trajectory
simulated by FalR; as the GMST anomaly varies smoothly, we take five
year time steps during the analysis period and interpolate the results. We
track cumulative heat stress by identifying regions where the monthly
average T, exceeds a proxy baseline of 25°C. This threshold is used, as a
sustained monthly mean of T;, implies a severe lack of nighttime thermal
relief and acute daily spikes approaching human physiological limits
(Appendix C.2.1).

Figure 3.4 presents cumulative heat stress (measured by Wet-Bulb Degree-
Days (WBDD) above the 25°C baseline proxy) for the Medium-Low Exten-
sion and Low Extension ScenarioMIP-CMIP7 scenarios. These scenarios
achieve roughly the same GMST in 2300, but Medium-Low Extension ex-
hibits a significant increase in temperature before decreasing, while Low
Extension never achieves those temperatures in the first place. Regionally,
both scenarios have the largest impacts in the same zones (Fig. 3.4c), with
the largest differences between the two scenarios occurring in highly
vulnerable regions such as South Asia and South East Asia, where the
Low Extension pathway reduces cumulative heat stress by approximately
23% and 59%, respectively. While exceeding the baseline threshold im-
plies threats to human habitability, cumulative regional changes do not
indicate prolonged conditions in any single grid cell. These changes
reflect the spatial expansion of dangerous conditions across broader
geographic areas and their earlier onset during the emulated period.

The largest impacts are felt in South Asia, with the Medium-Low Extension
scenario leading to an average of roughly 53 WBDD greater than 25°C
per year, though this number is likely much higher near the end of
the emulated period. Our findings align with recent work highlighting
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Figure 3.4: Heat stress measured by Wet-Bulb Degree-Days (WBDD) for the approximate Medium-Low Extension and Low Extension
ScenarioMIP-CMIP7 emissions scenarios projected by the generative emulator. (a) Cumulative spatially explicit heat stress for the
Medium-Low Extension scenario in 2300. (b) Globally averaged cumulative heat stress across both scenarios; shaded area indicates heat
stress avoided under the Low Extension scenario. (c) Cumulative WBDD in 2300 across both scenarios for the fifteen IPCC AR6 regions
for which the generative emulator projects the largest impacts; inset map indicates AR6 regions.

the expansion of heat stress in the Indus River Valley (SAS) and sub-
Saharan Africa, e.g., W. Africa (WAF) and N.E. Africa (NEAF), under
future warming scenarios’*>?**, Our results (Fig. 3.4b) additionally
support findings that suggest that limiting global mean warming by
0.5°C (roughly the difference between these scenarios in 2100) can reduce
heat stress exposure by up to a factor of two”*>. While interior continental
regions often exhibit a negative correlation between warming and relative
humidity due to land surface desiccation (e.g., compare temperature
and relative humidity, Figure 3.2c), which partially mitigates the rise in
wet-bulb temperature, coastal and river-basin environments experience
an increase in specific humidity alongside global temperature increases
(following the Clausius-Clapeyron relation)?°.

Figure 3.5 illustrates distributional differences in wet-bulb temperatures
between the three regions projected by the generative emulator to experi-
ence the greatest amount of heat stress (SAS, NAU, and SES) across all
ScenarioMIP-CMIP7 Priority 1 scenarios in 2100. All three regions clearly
reflect the global mean trend of warming, with wet-bulb temperatures
increasing the most in the High scenario and the least in the Very Low
with Limited Overshoot scenario. In the High scenario, monthly mean
wet-bulb temperatures in South Asia can exceed 26°C, while both the
Medium and Medium-Low scenarios exceed 25°C. In contrast, Southeast
Asia is projected only to exceed the 25°C threshold by 2100 in the high-
est warming scenario. This suggests the bulk of the excess heat stress
identified in Figure 3.4 for Southeast Asia primarily occurs after 2100,
highlighting the delayed emergence of compound risks in certain regions.

263 Coffel, Horton, and Sherbinin, 2018;
264 Vecellio et al., 2023

265 Gaeed, Schleussner, and Ashfaq, 2021

266 Willett et al., 2007



Both South Asia and Southeast Asia exhibit a lower standard deviation
in wet-bulb temperatures than Northern Australia. The larger range of
possible outcomes in Australia is likely due to the region containing
both tropical and grassland climates, with the high relative humidity
in the tropical areas leading to the higher end of wet-bulb temperature
outcomes.

South Asia (SAS) Northern Australia (NAU)
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Figure 3.5: Wet-bulb temperature distribution in 2100 for all approximate ScenarioMIP-CMIP7 scenarios across the three IPCC regions
most vulnerable to heat stress as projected by the generative emulator (Fig. 3.4): (a) South Asia, (b) Northern Australia, and (c) Southeast

Asia. Dots indicate mean wet-bulb temperatures, while lines indicate median.

Vapor pressure deficit

To assess future fire danger, we utilize our spatially and cross-correlated
variables to compute VPD, which is highly correlated with wildfire
occurrence as it drives transpiration and fuel desiccation'*>*%. Figure
3.6 highlights changes in VPD between 2050 and 2100 under the High
and Very Low after High Overshoot scenarios for the summer (JJA) and fall
(SON) seasons in the US. We observe absolute increases of up to 1 kPa
between 2050 and 2100 in the High emissions scenario, particularly in the
Southwest US. However, because many arid ecosystems in this region
are fuel-limited rather than climate-limited, increases in atmospheric
aridity may not correspond to proportional increases in burned area,
as these landscapes often lack the continuous biomass necessary to
sustain large fires”*®. Conversely, in forested or climate-limited regions,
given the nonlinear relationship between atmospheric water demand and
wildfire behavior, a monthly average increase of 1 kPa represents a large
amplification in the risk of exceeding dangerous daily fire probability
thresholds; biome-specific critical thresholds may range from 1.3 to 2.7
kPa”¥. In contrast, the Very Low after High Overshoot scenario effectively
mitigates this increase, leading to little change in VPD over time.

Figure 3.7 highlights the change in VPD over time in the High Extension
scenario over several North and Central American regions: (a) Western
North America, (b) Central North America, (c) Eastern North America,
and (d) Northern Central America. We observe a clear, upward trend in
VPD across all regions that correlates closely with the increase in GMST
between 2000-2300 in this scenario. This aligns with broader CMIP6
projections of intensifying atmospheric aridity, particularly across the
western United States”®”.

In Western North America (Fig. 3.7a), VPD increases from approximately
1.25 to 2.75 kPa. This shift crosses dangerous thresholds for daily fire
probability for both temperate (1.3 kPa) and Mediterranean (2.3 kPa)

135 williams et al., 2019; 267 Grossiord
etal., 2020

268 1 jttell et al., 2009

240 Clarke et al., 2022

269 Zhuang et al., 2021
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Figure 3.6: Vapor pressure deficit in the summer (JJA) and fall (SON) over the continental United States in 2050 and 2100 compared
across the High and Very Low after High Overshoot approximate ScenarioMIP-CMIP7 scenarios. Increased VPD values correlated with

increased fire danger, particularly in the Western United States.

biomes”*’. Because the forested portions of this region are historically
climate-limited””?, crossing these thresholds represents a sizable ampli-
fication of actual fire risk. Central North America (Fig. 3.7b) displays a
similar pattern of increase, rising from roughly 1.0 to 2.75 kPa with the
highest magnitude of variability across all four regions. While this region
also crosses the same thresholds, much of it is dominated by Great Plains
grasslands. As these ecosystems are fuel-limited, fires are constrained by
the accumulation of biomass rather than purely by atmospheric aridity**%;
the actual increase in fire danger is limited by fuel availability.
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In contrast, Eastern North America and Northern Central America (Fig.
3.7c and d) exhibit lower overall increases and remain constrained by
their respective biomes. In Eastern North America, VPD rises from
approximately 0.5 to 1.0 kPa, representing the lowest mean increase
due to higher regional relative humidity. This trajectory remains below
the 1.3 kPa threshold for temperate forests”*. Because these forests are
climate-limited, remaining below this threshold suggests a mitigation
of fire risk compared to western forests. Finally, in Northern Central
America, VPD rises from roughly 1.4 to 2.25 kPa. While this increase
is statistically significant, changes in fire risk are likely to be disparate
across the region; Northern Central America has both fuel-limited deserts,
along with the climate-limited Temperate Sierra and tropical dry forests.

240 Clarke et al., 2022
270 Kampf et al., 2025

268 1 jttell et al., 2009

Figure 3.7: Summer (JJA) average va-
por pressure deficit time series for the
High approximate ScenarioMIP-CMIP7
scenario over (a) Western North America,
(b) Central North America, (c) Eastern
North America, and (d) Northern Central
America. Solid line indicates the mean,
while the shaded region indicates the
95% confidence interval.

240 Clarke et al., 2022



Fire risk is unlikely to increase significantly for the former, but could be
highly amplified for the latter. By representing these disparate regional
outcomes along with the bounds of internal climate variability, our
generative framework can provide decision-makers with the probabilistic,
spatially resolved data required to evaluate policies targeting future fire
risk.

3.3 Discussion and conclusions

Current approaches to climate impact assessment often face a trade-off
between computational cost and resolution. Physics-based Earth System
Models (ESMs) provide detailed projections at spatially explicit scales,
but are too computationally expensive to run large ensembles or explore
a wide variety of policy scenarios. Conversely, Simple Climate Models
(SCMs) and Earth system Models of Intermediate Complexity (EMICs)
are computationally efficient but lack the spatial resolution required for
spatially explicit impact analysis, often necessitating additional down-
scaling or pattern-scaling emulation to derive spatially explicit climate
fields. In this work, we present a climate impact assessment pipeline
to bridge this gap by coupling the MIT EPPA model and FalR with a
score-based generative emulator enabling efficient computation of spa-
tially explicit climate variables. This approach differs from traditional
mean-state pattern scaling emulation and other statistical emulators
by explicitly modeling the full joint probability distribution of several
climate variables. The emulator effectively captures the mean, standard
deviation, and extremes of climate anomalies at grid-cell resolution,
allowing for the rapid generation of spatially and cross-correlated fields.
This pipeline enables rapid projection and uncertainty quantification of
spatially explicit compound climate impacts for any custom scenario or
ensemble of scenarios.

Benchmarking against the established IGSM ensemble pattern scaling
approach’® demonstrates that the generative emulator operates within
a useful envelope of uncertainty, successfully reproducing climatolog-
ical states and large-scale atmospheric structures for both mid- and
end-of-century projections (Fig. 3.1). While structural differences arise,
particularly around orographic effects, this is primarily due to differences
between the high- and low-resolution MPI models used in training the
pattern scaling and generative approaches, respectively*”%1%2% The
generative framework offers a distinct operational advantage, however,
by decoupling the generation of regional fields from the requirement
of EMIC simulations. While it requires GMST values generated from
tools like FalR, the generative emulator significantly lowers the technical
barrier to entry. Our interface makes it possible for a researcher with no
expertise in running ESMs or EMICs to generate physically consistent,
spatially correlated climate realizations in minutes. By democratizing
access to these data and removing the computational bottlenecks of
generating spatially explicit outputs, the emulator facilitates a more
comprehensive assessment of uncertainty and compound risks than is
feasible with computationally expensive ESM ensembles.

Distinct global climate policies (e.g., 1.5°C vs. 2°C targets) often produce
statistically indistinguishable spatially explicit outcomes in specific loca-
tions, exposing the potential for mitigation strategies to be perceived as
a failure. While tropical regions with lower internal variability exhibit
clearer scenario separation””*>°°, higher variability in the extratropics

87

78 Gao, Sokolov, and Schlosser, 2023

41 Miiller et al., 2018; 78 Gao, Sokolov,
and Schlosser, 2023; 19 Bouabid, Souza,
and Ferrari, 2026; 235 Schupfner et al.,
2021

253 Mahlstein et al., 2011; 2%° Tebaldi and
Friedlingstein, 2013



frequently obscures the forced signal of mitigation efforts (Fig. 3.2¢c),
particularly for variables such as precipitation, relative humidity, and
wind at monthly frequencies. Moreover, even when statistically signifi-
cant differences exist in the mean state between large ensembles, the full
probability distributions often exhibit substantial overlap. Because we
ultimately experience only a single climate realization, a detectable shift
in the mean does not guarantee a noticeably different climate outcome
for an individual community. This reality presents a significant climate
communication challenge: if the benefits of mitigation do not manifest as
distinct changes in local, near-term patterns, there is an inherent risk of
perceived policy failure and subsequent loss of public support®”?’?. This
underscores the necessity of a probabilistic risk-management framework
that integrates the full distribution into the decision-making process,
rather than relying solely on shifts in the ensemble mean.

Applying this generative framework to the approximate ScenarioMIP-
CMIP7 scenarios demonstrates that emulators can serve as efficient
scenario screening tools, highlighting that end-point temperature tar-
gets are insufficient for fully characterizing climate risk. By generating
physically consistent, spatially and cross-correlated climate fields, our
emulator moves beyond single-variable emulation to the assessment of
compound impact-relevant metrics, such as wet-bulb temperature and
VPD. We observe that an overshoot scenario leads to drastically different
cumulative heat stress than a low-warming scenario, despite achieving
similar end-point temperatures. Because heat stress is non-linear, even a
transient 0.5°C difference may significantly alter cumulative risk. Conse-
quently, overshoot pathways—which often rely on unproven negative
emissions technologies—carry a much higher burden of potential climate
damages and adaptation costs than pathways that abate emissions early.
Furthermore, our finding that distinct global emissions pathways often
yield statistically indistinguishable spatially explicit impacts emphasizes
the importance of ongoing discussions within the climate modeling
community around how far apart emissions scenarios must be in terms
of global radiative forcing to justify the computational expense of an
ESM'?02%? With this generative framework, researchers can proactively
evaluate whether proposed policy targets warrant full-scale simulations
before committing computational resources.

While this generative framework offers several advantages over other
emulation techniques, there are several areas for improvement. As the
emulator is trained from an ESM, it inherits any structural biases present
in the parent model. The emulator being trained on CMIP6 data means
that the approximate ScenarioMIP-CMIP7 pathways represent an out-of-
sample projection. This limits our analysis, as data-driven emulators may
fail to capture shifts in climate dynamics under novel forcing regimes,
particularly under the long-term extension scenarios. As a result, our
CMIP? projections should be interpreted as probabilistic screening tools
rather than forecasts. As new ESM ensembles become available for CMIP7,
future work can validate the generative emulator against these data to
better quantify its extrapolative reliability.

Several steps remain to fully integrate emulators into the impact assess-
ment pipeline. First, increasing emulator temporal resolution to daily or
hourly intervals, while retaining spatial coherence across variables, is
necessary to accurately capture temporally localized compound risks,
such as the Fosberg Fire Weather Index”’®. Approaches like DiffESM
are promising for generating daily samples from monthly data'’”, and
future work can explore integrating daily emulation directly into this
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generative framework. Second, emulators must be able to capture both
temporal and spatial system memory. Generating temporally coherent
data, rather than relying solely on instantaneous fields, is necessary
to assess risks dependent on duration, such as drought propagation.
Additionally, recent work demonstrates that the climate system exhibits
spatial memory, where spatially explicit temperature responses may
differ from the global mean—particularly during overshoot scenarios™..
Conditioning the emulator on rates of GMST change or historical forcing
trajectories may be necessary to accurately assess localized risks. In
addition, the emulator’s outputs must be utilized to quantify the eco-
nomic impacts of climate damages, for example, through climate damage
functions®’*>°. Finally, an important future goal is the fully coupled
representation of human-natural system feedbacks, where the emulator
is directly coupled to an economic model. For instance, economic growth
drives emissions, which increases wet-bulb temperatures; this, in turn,
reduces labor productivity and dampens economic output. Similarly,
physical feedbacks could limit adaptation efficiency, such as increased
VPD and fire danger hindering the mitigating effects of afforestation.
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Summary and future work

Big things have small beginnings, sir.

— Mr. Dryden, Lawrence of Arabia

THIs WORK HAS FOCUSED ON bridging the gap between basic and applied
research in the context of developing efficient computational methods for
emulating the statistics of Earth System Models (ESMs). While the design
of accurate surrogate models is of great importance to many domains,
the Earth system presents a unique challenge in that it is extremely data-
limited relative to other fields. Instead of hindering us, this limitation
pushes the bounds of our creativity, requiring novel advancements in the
theory, operation, and application of climate emulators to fully realize
their potential. In the following section, we outline the contributions
of this work to the fields of computational and climate science, which
provide fundamentally new tools to understand and design these systems.

Contributions

1. Under what conditions do structural assumptions cause emula-
tors to fail, and what trade-offs emerge across different emulation
techniques?

— Establishment of a theoretical framework for emulator method-
ological comparisons

The problem of climate emulation is not new, and over time, many efforts
have been made to understand the strengths and weaknesses of these
methods. However, it is not enough to simply benchmark an emulator’s
projections against model output, as high skill on one test dataset does not
necessarily translate to an emulator that can extrapolate to any possible
scenario configuration. We instead need to look deeper, exploring the
fundamental assumptions that make up the mathematics and physics
behind our emulators to ensure the tools we develop are not only fast,
but trustworthy.

To this end, we use principles of statistical mechanics and stochastic
calculus to place a number of disparate emulation techniques along a
common theoretical spectrum. This marks the first concerted effort to
analyze a broad set of climate emulators from a theoretical perspective,
and our work critically identifies a missing link in the typical emulator
typology: operator-based emulators. Despite overlapping goals with
traditional emulation approaches—such as identifying modes of variabil-
ity within a complex system—operator approaches have yet to be fully
explored in the context of emulation. We additionally provide practical
implementation details for these approaches that are under-utilized in
the geosciences, aiming to bring together communities that otherwise
would not have connected despite similar aims.




Developing a theoretical framework for climate emulation additionally
enables comprehensive error analyses for existing techniques. We focus
on memory effects, hidden variables, system noise, and nonlinearities as
potential sources of emulator error, demonstrating that common methods
like pattern scaling contain irreducible structural errors. Our framework
gives us a systematic method to assess and improve emulation techniques
independently of ESM results, ensuring emulators are prepared to train
on new results as ESMs continue to improve through CMIP7 and beyond.

2. To what extent do varying scenario structures constrain or
enhance an emulator’s predictive skill?

— Development of a training data generation methodology to
maximize emulator predictive skill

One key finding from our first exploration is that ScenarioMIP—the
standard set of scenarios typically used to train climate emulators—may
not actually be the most efficient choice of data to train an emulator.
Exponential forcings can cause the system’s response to reduce to a
single timescale, effectively obscuring the full set of system behaviors
an emulator would need to learn to accurately extrapolate to unseen
forcings. This immediately raises the question: what is the best possible set
of training data? Furthermore, even if we can identify this optimal dataset,
we are still fundamentally limited in our ability to run new scenarios; our
optimal dataset may not be useful if it requires running an ESM dozens
or hundreds of times.

To alleviate this issue, we introduce an algorithm to generate optimal
training datasets, using a computationally efficient Simple Climate Model
(SCM) to identify those datasets. We treat the training trajectory as a
set of tunable parameters rather than assuming the trajectory is fixed
(i.e., ScenarioMIP), and leverage a differentiable SCM to backpropagate
through the testing, training, and data generation processes. This gives
the sensitivity of the test loss with respect to the training data, which we
then use to iteratively update the initial emissions trajectory to maximize
emulator predictive skill. We demonstrate the utility of this approach on
both simple and intermediate-complexity climate models, with emulators
trained on just one or two of our optimal scenarios outperforming a
baseline emulator trained on six ScenarioMIP-CMIP7 scenarios.

Our results highlight that scenarios characterized by high structural
diversity and high-frequency variations are better suited for emulator
training and understanding system behavior than baseline scenarios.
While not fully interpretable due to the use of a neural network, the im-
proved extrapolative capability of our optimized emulators suggests our
optimized scenarios better highlight the physically consistent behavior
required to build a robust surrogate model for a physical system. In light
of our results, modeling centers could consider dedicating resources to
generate simulation data explicitly designed for machine learning. More
broadly, establishing a Model Intercomparison Project (MIP) for emula-
tor development would benefit both the climate modeling and impacts
communities by producing robust emulators capable of generating large,
impact-relevant ensembles in a fraction of the time of traditional ESMs.
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3. How can operationalizing emulators enhance the assessment of
impact-relevant metrics?

— Demonstration of the practical utility of a generative emulator
for assessing compound climate hazards

In order to effect real change with our work, we cannot stop at the
development of these techniques; uploading a project to GitHub or even
publishing in a peer-reviewed journal does not equate to the adoption of
our techniques. Our final contribution tackles this issue by developing
a lightweight pipeline mapping from an economic model (Emissions
Prediction and Policy Analysis (EPPA)) to spatially explicit climate
outcomes. By using a generative emulator, we capture the spatial and
cross-correlations necessary for assessing future compound climate risks.

We benchmark our approach against one existing method for project-
ing regional climate outcomes from economic model output: the MIT
Integrated Global Systems Model (IGSM). Our approach is statistically
consistent with both the parent ESM and IGSM emulator, lending fur-
ther credibility to its utility in the context of impact assessment. The
generative framework offers a distinct operational advantage, however,
by decoupling the generation of regional fields from the requirement
of Earth system Model of Intermediate Complexity (EMIC) simulations.
Our interface additionally makes it possible for a researcher with no
expertise in running ESMs or EMICs to generate physically consistent,
spatially correlated climate realizations in minutes. By democratizing
access to these data and removing the computational bottlenecks of
generating spatially explicit outputs, the emulator facilitates a more
comprehensive assessment of uncertainty and compound risks than is
feasible with computationally expensive ESM ensembles.

Our emulation pipeline moves beyond single-variable emulation to the
assessment of compound impact-relevant metrics, such as wet-bulb
temperature and Vapor Pressure Deficit (VPD). Applying this frame-
work to the approximate ScenarioMIP-CMIP7 scenarios highlights that
end-point temperature targets are insufficient for fully characterizing
climate risk. We observe that an overshoot scenario, despite achieving
similar end-point temperatures to a low-warming scenario, leads to
drastically different cumulative heat stress. This suggests that the ap-
proximate ScenarioMIP-CMIP7 overshoot pathways, which often rely on
unproven negative emissions technologies, carry a much higher burden
of potential climate damages and adaptation costs than pathways that
abate emissions early. Furthermore, our results demonstrate that distinct
global emissions pathways may produce local climate outcomes that are
statistically indistinguishable at monthly frequencies. This highlights
ongoing discussions within the climate modeling community around
how far apart emissions scenarios must be in terms of global radiative
forcing to justify the computational expense of running them through an
ESM. By generating full spatial probability distributions, our emulator
provides a timely, efficient screening tool. It allows researchers to proac-
tively evaluate whether proposed policy targets will yield statistically
distinguishable regional impacts before committing resources to ESM
simulations.
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Future work

The work is never done, and this work is no exception. With each
contribution in this thesis, myriad possibilities for future research have
emerged. We outline several of the most promising areas for immediately
extending this work here.

Methodological explorations

A logical next step from Chapter 1 is to conduct further research to
determine if operator-based methods like Dynamic Mode Decomposition
(DMD) and Extended DMD (EDMD) can be practically realized to emulate
nonlinear processes in full-scale ESMs directly. This can be explored in
tandem with hybrid efforts to improve purely data-driven techniques (e.g.,
the generative approach applied in Chapter 3) by incorporating physically
grounded approaches like the Fluctuation Dissipation Theorem (FDT). In
a similar vein, we can also investigate whether operator-based emulators
can be used to explicitly learn the true underlying parameters of the
climate system, offering utility for system understanding beyond just
emulation.

Chapter 2’s optimization algorithm is also ripe for additional experimen-
tation, particularly with respect to its performance when applied to other
machine learning architectures. We can investigate whether the optimal
scenarios derived in Chapter 2 are useful for other architectures, or how
significant architectural changes affect the optimization results. It would
also be useful to explore how ensemble machine learning techniques
like boosting can be used to sequentially generate optimal features and
resolve destructive interference when training on scenarios with extreme
structural differences.

Operational scaling and experimental design

Prior to a true emulator-development MIP, any efforts to extend the
work from Chapter 2 should focus first on scaling the approach to a
differentiable EMIC. This will allow us to evaluate how optimizing for
performance over additional climate variables (e.g., precipitation and
relative humidity) or on different timescales (e.g., daily or monthly)
changes the optimal emissions trajectory. Similarly, we can investigate
how the operator-based approaches from Chapter 1, along with the FDT,
can be applied to EMICs before attempting to scale these computationally
expensive techniques to full ESMs. Either simultaneously with these
efforts or at a later time, we can use the optimized trajectories derived in
Chapter 2 as actual forcing inputs for a full-scale ESM to stress-test the
model and evaluate emulator performance against standard protocols.

Emulator-driven impact assessment

To fully integrate emulators into future impact assessment efforts, several
clear steps remain. Expanding the generative framework discussed in
Chapter 3 to produce daily or even hourly data would enable us to capture
more granular, temporally localized compound risks, such as fire weather
indices. This would pair well with efforts to move beyond producing
instantaneous realizations, incorporating autoregressive structures to
model risks that depend on system memory and event duration, such
as the propagation of droughts. Because the main benefit of using an
emulator over an EMIC/ESM for impact assessment is its computational
efficiency, we can additionally explore the development of a fully coupled
representation of human and natural system feedbacks. By linking the
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emulator directly to an economic model—through damage functions
or other methods to link metrics like heat stress to labor productivity—
we can progress towards a fully integrated system, wherein physical
feedbacks are used online to deepen our understanding of nature-society
interactions.
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Appendices for Chapter 1

A.1 Additional derivations

A.1.1 Pattern scaling errors

To understand the potential sources of error in pattern scaling, we start
from the linear equation for temperature evolution

%T(x, t)y = FH(x,x')T(x',t) + P(x)F(t), (A1)

where T(x, t) is the spatially explicit temperature, ¥ (x, x”) is the Koop-
man operator that governs the autonomous system dynamics, P(x) is the
spatial forcing pattern, and F(t) is the time series of the forcing.

We can examine errors in pattern scaling by considering the case in which
the pattern scaled temperature, Tps(x, t), is trained using an exponential
forcing, F(t) = e!/7, where 7 indicates the growth rate of the exponential.
Forcing our governing equation with this yields

-1

Tps(x, t) = %6(x —x)=F(x,x")| P)e!. (A.2)

Here 6(x — x’) is the Dirac delta, so 16 — % plays the role of 1] — %
in discretized form; we assume 7 lies outside the spectrum of X so the
inverse exists. Factoring out the exponential from this expression leaves
us with

-1
ai(x) = [%6(x —-x') - %(x,x’)] P(x’). (A.3)

a1(x) is therefore the spatial scaling pattern used as our emulator. In-
serting T(x, t) = a1(x)F(f) into the governing equation with the same
exponential forcing leaves us with

%m(x) = H(x,x)ai1(x") + P(x). (A.4)

This identity expresses how the pattern, a1(x), balances internal dynamics
with an external forcing.

We now consider an alternate scenario with an arbitrary forcing, F,;;,
that is not the exponential forcing used for training. We denote the error
between the true solution and our emulator as

T'(x, t) = Talt(x/ t) - al(x)Falt(t)- (AS)

We then recognize that Tp¢(x, t) = T'(x, t) + a1(x)F,1¢(t). Inserting this
into our governing equation and using the identity from Equation A.4

A.1 Additional derivations .

A.2 Regularization for re-
sponse functions . . . ..

A.3 Analytic examples . . . .
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gives an equation describing the evolution of errors over time

21,1 = K, T 0) + 2 (Fa(8) ~ an () 2 Fan®) (A6

From this expression, we see that there are two distinct sources of error in
pattern scaling when trained on an exponential (ScenarioMIP-like forcing).
The first corresponds to an equilibrium-offset. If F,;;(t) asymptotes to
a constant F fr the time derivative in Equation A.6 vanishes, leaving us
with

tli_)ngo T (x,t) = —%3’{_1(x’,x)a1(x)13f. (A7)

Since we assume ¥ ! exists, there does not exist a non-zero vector such
that X ~1(x/, x)a1(x) = 0. Therefore the temperature produced by pattern
scaling does not perfectly match the true equilibrium pattern.

The second source of error occurs in the transient case. When F,j;(t)

varies in time, the final term in Equation A.6 does not go to zero. If

F,1¢(t) changes more quickly than the training growth rate (i.e., % >

1F.11(t)), then pattern scaling under-predicts the true temperature change.
Conversely, very slow changes in F;;(t) lead to an over-prediction of the
true temperature change. A non-negligible rate of change term signals
that system memory will be significant in that scenario.

Physically, the first error arises because the system’s equilibrium pattern
depends on its slow internal modes, whereas the second arises because
those modes cannot keep pace with forcing that accelerates faster (or
slower) than the training rate 7.

A.1.2 Deconvolution instabilities

Deconvolution can amplify noise or in the worst case, cause the response
function to blow up entirely. Here we identify where those instabilities
arise. While issues with deconvolution are apparent in the time domain,
they are easier to diagnose in frequency space. We use the Fourier
transform (denoted by F) to rewrite convolution as multiplication:

F [gwy)] = F / " dt R(x, T)F(t — 1) (A.8)
3(we) = R(x, w)F(w), (A9)

where g(w;) is our statistical quantity of interest, R(x, t) is the response
function, F(t) is the forcing, the hat denotes the (continuous-time) Fourier
transform, and w is the angular frequency. Recovering the response
function therefore becomes division:

R(w) = % (A.10)
R(t) = F~! [%;Z:)) , (A1)

where ! denotes the inverse Fourier transform. In discrete space, we
use the fast Fourier transform.

If F(w) has any near-zero frequencies, dividing by it causes R(w) — oo
at those frequencies. The corresponding time-domain process requires
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an explicit matrix inverse, where small eigenvalues translate into an
ill-conditioned matrix. Additionally, if |F(w)| spans several orders of
magnitude, the ratio §(w,,)/F(w) amplifies high-frequency measurement
noise and round-off error. The condition number of the corresponding
matrix becomes very large, yielding an unstable estimate of R(x, ¢).

These issues are also encountered in signal processing, where a system
is said to lack a spectral inverse (i.e., zeros in the frequency domain) if it
exhibits the above issues”’”**’%. Even in the absence of noise, the relatively
flat spectrum of a true impulse response makes it difficult to recover
directly. A dominant eigenvalue can obscure the weaker ones.

A.1.3 Distinction between Green’s and response functions

A scalar field, w(t), governed by the linear time-invariant equation
d
570() = Lw(t) + F(1), (A12)

has a corresponding Green'’s function, G(t), that solves

%G(t) = ZG(t) +6(t), G(t <0)=0. (A13)

For a linear operator, &, the solution is
G(t) = H(t)e™t, (A.14)

where H(t) is the Heaviside step function and e*! is a matrix exponential.
From this, any general forcing produces a response given by

w(t) = /Ot G(T)F(t — 1) dr. (A.15)

A response function, on the other hand, is either an empirical or equation-
driven function that reproduces the system’s linearized output but is
not required to satisfy Equation A.13. When the underlying dynamics
are nonlinear, as is the case in climate models, a true Green’s function
does not exist. In practice however, the success of techniques such as
pattern scaling illustrates that temperature response is very nearly linear
for most of the globe, suggesting that data-derived response functions
may closely approximate Green’s functions for certain variables.

A.1.4 Transitioning from X to &

We begin from a vector form of Equation 1.6, the expectation of a statistical
field g(w), where bold symbols are used to explicitly denote vectors. The
vector w represents a set of state variables, w;, at discrete points in space.
The evolution of (g(w)) is

J ={ [N t)+ Fi(t J D o Al6
gitateon = (1w, + £ 5oost) +{ st a0
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We consider the case where g(w) = w; to find the evolution of the mean
of the state variables themselves. Substituting this gives

J
E(M) = (Ni(w, t)) + Fi(t). (A17)
We then define a steady baseline state, w, as
(Ni(@, t)) = —F, (A18)

where F; is constant in time. Deviations from the baseline satisfy
& ’ — ’ — ’
§<w1> = <'/vl(w +w ’ t) - ./V;(ZU, t)) + Fz(t)/ (A19)

where F/(t) is the time-varying component of the forcing. We then use a
first-order Taylor expansion around w to write

d aN;

E<wi> = a—w] w(w]’.) +Fi(t) = Si](w}") +Fi(t), (A.20)

where the derivative term, %, can be pulled out of the expectation
]

because the baseline state is not stochastic. To conclude, we rewrite this
with (w’) = T(x;, ) and drop the discrete notation for space

%T(x, t)=L(x,x)T(x,t) + F(x,t). (A.21)

A.1.5 FDT relationship to Fokker-Planck and Koopman

Here we show how the Fluctuation Dissipation Theorem (FDT) relates
to the Fokker-Planck operator. The result shows that a linear response
function can be computed directly from the forward operator of the
unperturbed system.

Let w represent our full system state. Consider an equation of the form

83—‘:’ = f()(W, f) + fl(W, t) + gé(t)/ (A22)

where fy and f; are vectors that govern the unperturbed and perturbation
changes to the system dynamics, respectively. The Fokker-Planck equation
corresponding to this is

2
Ip+V- [(f0 +f)p — %Vp] = 0. (A.23)
Without loss of generality, we decompose p = pg + p1, where py satisfies
&2

8tp0 +V- (f()p() - ?Vpo) =0. (A.24)

Then p1 must exactly satisfy,

&2

Htpl +V. (f0p1 + flpO + f1P1 - ?Vpl) =0 (AZS)

The perturbation variables (f; and p1) form a higher-order term that we
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neglect, giving
dp1+V- (foP1 - %ZVpl) ~ =V - (f1po). (A.26)
The solution to this is
pi(w, 1) = - /O )y (f1(w, t')po) dt’, (A27)

assuming that p1(w,0) = 0, i.e., there is no perturbation at ¢t = 0,
and % is the unperturbed (time-independent) Fokker-Planck operator.
Multiplying through by an arbitrary statistical quantity of the state, g(w),
and integrating with respect to w then yields the first-order perturbation

in g(w)

t
/ g(w)pi(w, £) dw = / (W) [ /0 e%“-f’)v(ﬁ(w»’)m)dt'] dw.

(A.28)
The quantity on the left hand side is the expected value of the perturbed
statistical quantity as a function of time. The right hand side is the cross
correlation of the statistical quantity, g, with h = V - (f1pg)/po with
respect to the unperturbed system. Noting the Koopman operator is the
adjoint of the Fokker-Planck operator gives

(e7%0t)" = e~ %t (A.29)

where * indicates the adjoint (conjugate transpose in finite dimensions)
and F* = &, giving an expression for the response function in terms of
the Koopman operator.

Alternatively, we can connect the Fokker-Planck operator to the FDT
through the score function. Consider the score function of the state given

by
s(w) = Vi In po(w). (A.30)

For a small, instantaneous perturbation applied at ¢ = 0, the linear
response of the mean field at a lag t is given by

R(t) = —(g(Wt)s(Wo))p,, (A.31)

where the angle brackets denote an average over the stationary ensemble.
We express this correlation with a joint probability density as

R(t) = — // p(wo, we)g(wy)s(wo) dw; dwy, (A.32)

Using the definition of conditional probability, we factor the joint proba-
bility density as
p(wo, wt) = po(wo)p(wiwo), (A.33)

where p(w;|wy) is the conditional probability from wg to w. For dynamics
governed by the Fokker-Planck operator, %, we have

p(wilwo) = e 6(wo — wy). (A.34)

We then insert this expression into Equation A.32 and integrate over w;:

R(t) = - / Po(wo)e™ g(wo)s(wo) dwo. (A.35)
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Therefore, the linear response function can be obtained by propagating the
unperturbed field with e?! and correlating the result with the stationary
score function.

A.2 Regularization for response functions

Estimating a response function from noisy data requires using decon-
volution to invert an often ill-conditioned matrix. We choose to model
the noise in our field of interest, g(W), with a Gaussian noise term:
& ~ N(0, 02I). Rather than applying an ad-hoc smoothing algorithm, we
cast the problem in a Bayesian framework, placing a Gaussian prior on
the response matrix: R ~ (0, A2I). Our measurement model is therefore

g(W)=FR +&. (A.36)

We have dropped At and the spatial pattern for conciseness, but this
analysis can easily be repeated including those terms.

Under this probabilistic model, we frame the task of estimating R as
finding the vector that maximizes the response function probability given
the observable data we have collected, i.e., p(R|g(W)). This term is called
the maximum a posteriori (MAP). As it is more convenient to work with
log probabilities, we recast this problem as

max logp(R | g(W)). (A.37)

Using Bayes theorem, maximizing the log-posterior,

1 1
logp(R | g(W)) = ‘ﬁ” ¢(W) —FR|* - 2—A2||R||2 +const,  (A.38)
is equivalent to solving
min [|g(W) - FR| + a|R|?, a = 0?/A% (A.39)

Thus ridge regression is equivalent to placing a Gaussian prior on the
response function and assuming that the data we collect are corrupted
by Gaussian noise.

To avoid making an arbitrary choice for our noise and prior variance
hyperparameters, 0% and A%, we propose to compute their maximum
likelihood estimates under the distribution of the field of interest. We
maximize the marginal likelihood evidence,

plew) 107,47 = [ plgW) IR Gp(RADAR  (Ad0)
=N (g(W]0,E), (A41)

with covariance £ = ¢%I + A>’FF'. Maximizing the log-evidence,
—% (log|Z| + g(W)TZJ_lg(W)) + const, (A.42)

has no closed-form solution for a general F, so we determine o2 and A2
numerically.
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A.3 Analytic examples

In this appendix, we use a 1D Ornstein-Uhlenbeck (OU) process to
analytically derive the Fokker-Planck operator, the Koopman operator,
the eigenpairs of both operators, and the linear response function for the
system obtained in two ways: (1) by directly solving the forced stochastic
differential equation (SDE) and (2) by correlation with the score function.

A.3.1 Fokker-Planck and Koopman operator derivation

We define the OU SDE as
dwt = —wtdt + \/Eth, (A43)

where w; is the statistical field of interest and W; is a Wiener process. The
drift coefficient, —w;, relaxes the state toward zero, while the diffusion
coefficient, \/E, gives a unit variance.

We write the Fokker-Planck equation corresponding to this OU process
directly:

d _d 2
5P ) ==~ (wp) + Saz? (A.44)

where p(w, t) is the probability density function of the field. The sta-
tionary solution of this expression is the standard normal probability
density:
1 _w
po(w) = T (A.45)

—e
V21

From the previous result, we explicitly write the Fokker-Planck operator
governing the evolution of the probability density as

7= g w0+ 50| (A6

To find the eigenfunctions, ¢p(w), with F(w) = Ap(w), we introduce
w2
the ansatz ¢(w) = h(w)e™ 7, giving
h’ (w) —wh'(w) — Ah(w) = 0, (A.47)

whose solutions are Hermite polynomials, H,(w), with eigenvalues
A=-nforn=0,1,2,....

A.3.2 Response function via direct diagnosis

Adding a deterministic forcing, F(t), to our OU process gives
dyy = (=y; + F(t))dt + V2dW;. (A.48)

Taking the expected value of this and assuming (y(0)) = 0 gives
d
S =)+ E®), (A.49)

whose solution is given by

t
(y(t) = /0 eTF(t — 1) d, (A.50)
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where the response function is R(t) = e~ for t > 0.

A.3.3 Response function via correlation with score
function

The stationary score function for the Gaussian PDF in Equation A.45 is
given by
J —w po(w)
=—1 =—=-w, A.51
s(w) = 5 Inpolw) = = FE = —w (A51)
where we can make this simplification since the stationary probability
distribution is given by a standard normal.

The Fluctuation Dissipation Theorem predicts

R(t) = SWO@O) _ @w©)

(w?(0)) (w?(0))

which agrees exactly with the direct solution above.
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Appendices for Chapter 2

In Section B.1, we describe our methodology for optimizing emulator
training data by backpropagating through a differentiable model, be-
ginning with a conceptual example to motivate our procedure. We then
outline the development of a Python-based differentiable Simple Climate
Model (SCM) using the JAX numerical library in Section B.2, including
descriptions of the model’s structure and gradient-based calibration
procedure. In Section B.3, we present a neural network emulator of
our SCM, highlighting its architecture, feature design, and training pro-
cedure. In Section B.4, we describe how we extend the training data
optimization process and emulator creation to the MIT Earth System
Model (MESM), followed by an outline of the scenarios and metrics used
during evaluation in Section B.5. We conclude with sensitivity analyses
for our optimization procedure (Section B.6) and extended results from
the main manuscript (Section B.7).

B.1 Training data optimization

B.1.1 Conceptual overview

We use the following problem of estimating unknown linear system
parameters as a conceptual example to motivate our optimization pro-
cedure. It does not extend directly to our full system because the full
system is nonlinear, state dependent, and our full system objective is
predictive skill over some set of metrics, rather than parameter estimation.
Despite this, the linear system is highly useful because it is interpretable,
enabling us to better understand our optimization requirements.

Consider emulating a discrete, linear system via explicit parameter
estimation. For example, estimating climate sensitivity and carbon uptake
terms for a simple climate model to predict global mean temperature
anomaly from CO, emissions. Our goal is to determine the set of training
data that maximizes the accuracy of our parameter estimates. The system
of interest is given by

Ty1 =NT, +uy, (B.1)

where T is the temperature, N is the linear operator that evolves the
temperature forward in time, and u is a known forcing (e.g., emissions).
We can emulate this system by estimating the parameters of N and using
the recovered operator to step our system forward in time from some
initial condition. We use standard dynamic mode decomposition'®” to
estimate N via least squares as

N~ [Ty —u,]| T}, (B.2)

where 1 indicates the Moore-Penrose pseudoinverse.
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The accuracy of the estimate of N is controlled by the conditioning of
the training data: the forcing u,, and the resulting temperature trajectory
T, (uy). If the chosen forcing is uninformative (e.g., nearly constant or
exponential, as in Giani et al. (2024)*”° and Womack et al. (2026)?), then
the columns of the data matrix constructed from T, become nearly
collinear. In the more realistic case where we only observe noisy states
T =T+ ¢, where ¢ corresponds to some measurement error or stochastic
noise (e.g., internal variability), the error in our estimated operator N is
bounded by the condition number, x, of the data matrix:

llell
Tl

IN - NJ|
IN]|

< «(Ty) (B.3)

Here, ®(T},) acts as an amplification factor. If the data are ill-conditioned
(x > 1), even a small amount of noise leads to large errors in the learned
dynamics. As a result, designing the forcing u, becomes a problem
of optimal experimental design”’’. We aim to find the forcing u* that
minimizes this error bound:

u* = arg min k(T (u)). (B.4)

u

If the map u +— T(u) is differentiable, we can, in principle, compute Vyx
and use gradient descent to iteratively update u so that the resulting
temperature response is maximally informative for parameter estimation.

While minimizing the condition number is optimal for linear parameter
recovery, this approach breaks down for our full-scale system. In general,
manually deriving and implementing an adjoint model of a system of
interest to calculate gradients is intractable due to its complexity (e.g.,
Earth System Models (ESMs) written in Fortran with millions of lines
of code). To address this, we generalize the logic above to leverage
backpropagation to calculate gradients.

B.1.2 Framework for training data optimization

We frame the generation of training data as a bi-level optimization
problem. Rather than designing an explicit adjoint model, we utilize
Automatic Differentiation (AD). AD allows us to accurately and efficiency
compute derivatives of complex functions by leveraging the chain rule
through the computational graph. This technique is preferable to tra-
ditional numerical methods (e.g., finite differences) as it incurs a lower
computational cost and computes exact derivatives.

Our objective is to find a specific set of training emissions Ujin that
minimizes the error of an emulator trained on that data when tested
against a held-out target set. This problem consists of an implicit inner
level (training the emulator parameters 6 using Uyain) and an explicit
outer level (updating Ug,in to minimize the test loss of the trained
emulator). The optimization objective is given mathematically as

arg min 8‘cest(U’crain/ Otrain, Dtest)/ (B.5)

Utrain

where Oain represents the parameters of the emulator after training on
the data generated by Ujrin. While this methodology is generalizable
to models of other physical systems, we apply it here to an SCM. The
procedure is detailed below, with Algorithm 1 providing a summary;
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also see Figs. 1 and 2 in the main text for an overview of the optimization
process and illustrative example, respectively.

Inner level. The inner level of the optimization consists of training an
emulator to map from emissions to temperature anomalies. The process
is defined by the following;:

1. Emissions training data (Uain € R"sents*"): The trainable parame-
ters are a collection of emission time series for 7,gents forcing agents
(e.g., CO,, CHy, etc.) over n; time steps.

2. Training features (Xiin € R™ ><’71): We construct features from
Utrain using instantaneous emissions, cumulative emissions, and
exponential moving averages for each forcing agent. The resulting
features are dimension d = 7agents X Mfeat., Where fge,t. is equal to
the number of features per agent.

3. Training targets (E(t) = Virain € R™): We force the SCM with Ugrain
to generate the corresponding Global Mean Surface Temperature
(GMST) anomalies, which serve as ground-truth targets.

4. Inner optimization: The emulator (a neural network with param-
eters 0) is trained to minimize the Mean Squared Error (MSE)
between its predictions and yirin. Starting from initial weights 0p,
we perform k steps of Stochastic Gradient Descent (SGD):

O = SGD(QO/ Xirain, Ytrain, k) (B.6)

Outer level. The outer level tests the performance of the trained emulator
with parameters Oy on a dataset held constant during optimization, and
backpropagates the error through the test, training, and data generation
steps to update Ugr,in. The process is defined by the following;:

1. Test loss (Ziest): The trained emulator is tested on a fixed set
of scenarios (Xiest, Yiest), constructed from prescribed emissions
independent of Uy,in. However, to ensure consistency, both train
and test features are normalized using summary statistics (mean
and variance) computed from the current training features Xain.
We quantify test performance using Normalized Root Mean Square
Error (NRMSE), weighted by scenario length and averaged across
Nscen test scenarios:

| Nep  RMSE(f (X2 0c), yik)
o,

; -
Nscen i=1 max; |y(1) (t)l

test

FLrest = (B7)

where f denotes the emulator and w; accounts for the relative
length of scenario i.

2. Gradient calculation: We update Uiin to minimize et By the
chain rule, the gradient 0%sest/ dUirain is decomposed as

&gtest — ag’test . aek + agtest . aXtest (B 8)
aUtrain &Qk &Utrain &Xtest &Utrain ’ ’

Parameter sensitivity = Normalization sensitivity

The first term captures how changing emissions alters the trained
model parameters. The second term accounts for the dependence
of the feature normalization statistics (mean and variance) on the
training data Ugn.in. The parameter sensitivity is then expanded
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further:

&Gk _ aQk ) aX‘crain aGk . aYtrairl
aU‘crain aXt’rain &Utrain aY‘crain a[Itrain '

(B.9)

Feature sensitivity Physics sensitivity

Here, 9¥irain/IUtain requires differentiating through the SCM
physics, while dXirain/Utain involves differentiating through the
feature engineering operations (e.g., moving averages). We rely on
AD to propagate these gradients through the full pipeline.

3. Emissions update: At iteration 1, we update the emissions using
the computed gradient:

U =0, - anmingtestr (B.10)

where 1) is the learning rate. In practice, a different learning rate is
applied to each forcing agent, as the magnitude of the gradient with
respect to each agent can vary by several orders of magnitude. The
final updates are applied via an SGD optimizer with momentum?”!
to yield a locally optimal emissions trajectory U*.
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Algorithm 1: Bi-level training data optimization procedure. The inner loop trains the emulator parameters
0 while the outer loop tests performance and updates the training emissions Ugrain.

Require: Uy,in (initial emissions), Xtest, Veest (test set), Oy (initial weights)

while not converged do
#1. Data generation & feature engineering
Ytrain = SCM(Utrain)
Xtrain = Featurize(Utrain)
Htrain, Otrain = get_StatS(Xtrain) // Compute normalization statistics from training data
XE(;IT = (Xtrain — ‘Utrain)/ O'train

# 2. Inner loop: Emulator training

0 =06 // Reset weights completely before training
for k in range(K) do // K = number of training gradient descent steps
7 = fO%; 0)
Lirain = MSE(Yr Ytrain)
0 = SGD(6, VoLirain) // Update weights
# 3. Outer loop: Test & update
)Aqg;m = (Xtest — Htrain)/ Otrain // Normalize test data using training stats
Yiest = f (X?e(;rtm; 6)
PLiest = NRMSE(Fiest, Viest) // Compute weighted test loss (Eq. B.7)
grads = Vy,, Lrest // Backpropagate through testing, training, and physics via AD
Utrain = Optimizer(Uyain, grads) // Update emissions via SGD with momentum

return Uyain

B.2 Differentiable simple climate model

To enable the optimization procedure outlined in Section B.1, we present
a differentiable simple climate model that calculates annual-average
GMST anomalies based on the Finite Amplitude Impulse Response
(FaIR) framework™. Implemented in JAX, this model leverages automatic 54 L each et al., 2021



differentiation to facilitate efficient gradient-based calibration.

B.2.1 Model structure

Our model retains the core structural components of FalR; see Leach
et al. (2021)>* Section 2 for a full model description. We represent the
carbon cycle with a four-reservoir model, where each reservoir has an
uptake fraction and a decay timescale. These reservoirs are mathematical
abstractions representing the different timescales of carbon removal—
ranging from rapid biospheric uptake to slow geological weathering—
rather than distinct physical stores (e.g., the deep ocean). The decay time
constants are scaled by a state-dependent feedback parameter, «. This
factor incorporates nonlinear feedbacks, such as the saturation of carbon
sinks, based on cumulative carbon uptake and GMST anomalies. We
calculate temperature anomalies using a three-box impulse response
model based on total effective radiative forcing from forcing agent
concentrations. This component accounts for the thermal inertia of
the climate system, capturing the delay between radiative forcing and
warming caused by heat uptake in the upper and deep ocean.

We consider a subset of the forcing agents from FaIR: CO,, CHy, N2O,
sulfur and Black Carbon (BC). We exclude minor anthropogenic gases
(e.g., CFCs, HFCs) and natural forcings (solar irradiance and volcanic
aerosols) to focus on the dominant drivers of future warming while
retaining a tractable parameter space. For CHy, and N,O, we use the
same governing decay equations as CO;, but model them with a single
reservoir. This single-reservoir approach is sufficient to capture their
atmospheric residence times without the complex multi-timescale dynam-
ics required for CO,. CHjy retains a state-dependent lifetime calculation
similar to CO, (dependent on temperature and atmospheric burden),
while N>O is modeled with a constant lifetime. Finally, we assume sulfur
and black carbon emissions directly impact effective radiative forcing
through aerosol-radiation and aerosol-cloud interactions, following the
parameterization in Leach et al. (2021)°%.

B.2.2 Model calibration

We use automatic differentiation to enable gradient-based calibration,
calibrating our model to reproduce the temperature response of the
FalR model. To establish a ground-truth target, we configure FalR using
the median parameters values from the probabilistic ensemble derived
in Smith et al. (2024)*"*, which was constrained to reproduce climate
responses based on ESMs from the sixth phase of the Coupled Model
Intercomparison Project (CMIP6) or Intergovernmental Panel on Climate
Change (IPCC)-assessed ranges. To isolate the response of each forcing
agent for calibration, we use single-forcing experiments generated from
the the seventh phase of the Coupled Model Intercomparison Project
(CMIP7) ScenarioMIP and DECK protocols'?*?®Y; for forcing agents
without single-forcing experiments in the DECK, we prescribe protocols
equivalent to abrupt-4xCO2 and IpctCO2 (e.g., abrupt-4xCH4 and IpctN20).
A full list of calibration experiments can be found in Table B.1.

Unlike the standard FalR calibration methodology, which employs a
Bayesian framework to generate a posterior distribution of parameters”'?,
we perform deterministic parameter estimation via gradient-based opti-

mization. Using the Adam optimizer’®!, we minimize NRMSE between
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our model’s GMST and the FalR reference outputs over the simulation
period. We use NRMSE to handle the disparate scales of temperature
anomalies across scenarios (e.g., 6°C in abrupt-4xCO2 vs. < 2°Cin VLLO),
normalizing by the range of the reference temperature trajectory (Equa-
tion B.7). This normalization ensures equal weighting across scenarios,
preventing high-warming trajectories from dominating the loss func-
tion. We conduct calibration sequentially by agent and component (e.g.,
separating carbon cycle parameters from thermal response parameters),
utilizing gradient masking to freeze non-target parameters during each
stage.

B.3 Neural network emulator

We implement a neural network emulator for the differentiable SCM
outlined in Section B.2 that predicts GMST from emissions. This compo-
nent serves as a proof-of-concept to demonstrate that the differentiable
framework functions as intended to optimize training data (Section B.1).

We employ a lightweight architecture (emulator structure) designed to
minimize computational burden while maintaining sufficient fidelity
to map emissions to temperature response. While more complex deep
learning architectures (e.g., LSTMs or Transformers) could yield higher
predictive skill, our objective is to isolate the effect of training data
composition rather than model complexity. As a result, we prioritize
training speed; all training reported here was completed on a standard
laptop CPU (MacBook Pro, M1 Chip).

B.3.1 Feature design and architecture

To capture the temporal dynamics and inertia of the climate system with-
out the computational cost and complexity of an autoregressive model,
we construct a feature vector that implicitly encodes the atmospheric
state and memory of past forcings. For a given simulation year ¢, the
input vector X; summarizes the history of emissions up to year t — 1.
For each forcing agent, we calculate five scalar features (1) the emissions
at the previous timestep; (2) the cumulative emissions to date; and (3)
Exponential Moving Averages (EMAs) of the emissions calculated with
decay timescales of five, thirty, and one hundred years. These timescales
were selected to approximate the multiple response timescales of the
carbon cycle and thermal response.

These features are fed into a standard Multi-Layer Perceptron (MLP).
The network consists of a single hidden layer with hyperbolic tangent
(tanh) activations, followed by a linear output layer that predicts the
scalar GMST anomaly for year ¢. Prior to training, all input features are
standardized to zero mean and unit variance.

B.3.2 Training

We train the emulator to predict GMST by minimizing the MSE between
the emulator predictions and the true SCM output. Note this training
loss (MSE) is distinct from the NRMSE used in the outer optimization
level. We train distinct emulator configurations to compare the impact of
training data on predictive skill. To ensure fair comparison, we use a con-
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sistent number of gradient training steps for all emulator configurations,
regardless of the size or composition of the training dataset.

Baseline emulator. We train the baseline emulator on Priority 1 scenarios
from CMIP7 ScenarioMIP protocol'?®. We selected this baseline as it
represents the standard set of scenarios that all modeling centers are
expected to generate, ensuring broad accessibility.

Optimized emulator. The optimized emulator utilizes an identical archi-
tecture, feature set, and training hyperparameters (e.g., learning rate) as
the baseline, but is trained on the synthetic datasets generated via the
optimization process described in Section B.1.

B.4 Extension to the MIT Earth System Model

We apply our framework to MESM to demonstrate its scalability and
utility for generating informative training datasets even when the target
model is not differentiable. MESM is a zonally averaged Earth sys-
tem Model of Intermediate Complexity (EMIC) that includes a two-
dimensional, zonally averaged atmospheric model with interactive chem-
istry coupled to a zonally averaged land model and an anomaly-diffusing
ocean model; see Sokolov et al. (2018)*?? for a full description. As MESM
is not differentiable, we recalibrate the differentiable SCM to act as a
surrogate for MESM.

We recalibrate the SCM to approximate the MESM temperature response
in two stages, using CO,-only scenarios. First, we constrain the climate
sensitivity parameters (thermal response) by minimizing the loss between
SCM and MESM GMST anomalies under scenarios with prescribed
CO, concentrations (e.g., IpctCO2). Then, we calibrate the carbon cycle
parameters using emissions-driven scenarios, minimizing the error in
simulated atmospheric CO, concentrations. To filter MESM’s internal
variability, we target the mean of a thirty-member initial condition
ensemble for all components of calibration, optimization, and emulation.

We assume that the training data optimized for this MESM-tuned SCM
will be highly informative for training an emulator of the actual MESM.
This approach relies on the assumption that loss landscape topology of
the recalibrated SCM is sufficiently similar to that of MESM, allowing
gradients computed through the SCM to guide data selection for the
more complex model.

Following recalibration, we utilize the bi-level optimization procedure
using the SCM to generate optimized emissions trajectories. We then
evaluate these datasets by training a new emulator for MESM. Unlike
the global-mean emulator outlined in the previous section, this emulator
is modified to predict zonal temperature anomalies by modifying the
output layer of the neural network to produce a vector (predictions at
each latitude band), rather than a scalar; the feature generation remains
the same. We benchmark the performance of the emulators trained on our
optimized datasets against a baseline emulator trained on ScenarioMIP
Priority 1 scenarios, evaluating all emulators on the remaining scenar-
ios. As the area of each latitude band is non-uniform and decreasing
towards the poles, we use area-weighted error metrics during training
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and evaluation:

gZor1al(¢) = COS(¢))<E>1‘r (Bll)
_ 24) gzonal((i))
Lelobal = W, (B.12)

where ¢ denotes the latitude, E denotes the error metric of interest, and
()t denotes the temporal average over a scenario. The error metric is MSE
during training and NRMSE during evaluation, and must be normalized
by the magnitude of the weights to ensure the global metric remains in
the same units and scale as the zonal errors.

B.5 Scenario descriptions and evaluation
protocol

We use NRMSE (Equation B.7) as our primary evaluation metric. By
normalizing RMSE by the maximum absolute magnitude of the SCM-
or EMIC-projected temperature trajectory, NRMSE weights all scenarios
with equal importance regardless of their warming magnitude. This
design choice ensures the emulator is optimized to perform well across a
wide range of future pathways, rather than prioritizing high-warming
scenarios where absolute errors would otherwise dominate the loss
function. Table B.1 details the complete set of experiments used for
calibration, optimization, and evaluation.

We compare the performance of several optimized emulator config-
urations against a baseline emulator, which is trained exclusively on
ScenarioMIP-CMIP? Priority 1 scenarios described in Table B.1. For the
optimized emulator, we initialize the optimization with a constant emis-
sions trajectory and optimize for predictive skill (minimize NRMSE)
over a specific test set. We optimize over up to seven different test sets,
depending on if we are evaluating single-forcing or multi-forcing perfor-
mance: Priority 1, Priority 2, DECK, CS3, DAMIP (multi-forcing only),
GeoMIP (multi-forcing only), and All (the union of all sets). Following
optimization, we evaluate the emulator’s predictive skill on all other
scenario sets.

To assess the emulator’s generalization capability and adherence to
physical principles, we include structurally distinct, out-of-distribution
scenarios in our evaluation. We utilize scenarios analogous to those
considered within the Detection and Attribution MIP (DAMIP)"?>2%? and
Geoengineering MIP (GeoMIP)*"® protocols. The DAMIP-like scenar-
ios (Medium-GHG and Medium-aer) isolate the contributions of specific
forcing agents by extending the historical period into the future using
the Medium ScenarioMIP-CMIP? scenario forcing for a subset of agents
(e.g., GHGs only), while holding others constant. Similarly, the Gésulfur
scenario from GeoMIP introduces a stratospheric sulfate injection tra-
jectory significantly larger than any found in standard training data,
stress-testing the emulator’s response to extreme aerosol forcing. These
scenarios allow us to test emulator skill in reproducing the contribution
of individual forcing agents. The DECK scenarios similarly require sepa-
ration of individual forcing agents, as each experiment in the DECK is a
single-forcing experiment.
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Table B.1: Complete list of scenarios used for training, optimization, and evaluation. Scenario descriptions for ScenarioMIP are derived
from the CMIP7 protocol’®?, while CS3 scenarios are taken from the MIT Center for Sustainability Science and Strategy (CS3)’s 2025
Global Change Outlook?"!. abrupt-4xX and IpctX refer to idealized single-forcing experiments performed for each agent. Scenarios
containing -ext refer to scenario extensions that end in 2500.

Activity Scenario Short Description

ScenarioMIP-  H-ext High: High emission scenario exploring potential high-end

CMIP7 impacts.

(Priority 1) M Medium: Medium emission scenario consistent with current
policies.

ML Medium-Low: Delayed mitigation effort, insufficient to meet
Paris Agreement goals.

L Low: Scenario consistent with likely staying below 2°C.

VLLO-ext Very Low with Limited Overshoot: Consistent with limiting
warming to 1.5°C by 2100 with limited overshoot.

VLHO Very Low after High Overshoot: Scenario with similar end-
of-century temperature impact to VLLO, but with delayed
near-term mitigation and reliance net-negative emissions,
resulting in a higher overshoot.

ScenarioMIP-  H-ext-OS High Overshoot: Radical emissions reductions after 2100
CMIP7 with net zero in 2160.
(Priority 2) M-ext Extension of the Medium scenario.

ML-ext Extension of the Medium-Low scenario.

L-ext Extension of the Low scenario.

VLHO-ext Extension of the Very Low with High Overshoot scenario.

DECK historical Simulation of the historical period (1850-2014) using ob-
served forcing.

abrupt-4xX Instantaneous quadrupling of agent X (e.g., CO,, CHy) con-
centrations or emissions from pre-industrial levels.

IpctX Concentrations or emissions of agent X increase by 1% per
year until quadrupling.

CS3 CT Current Trends: Current measures for reducing greenhouse
gas emissions.

AA Accelerated Actions: Aggressive reductions which aim to
limit and stabilize human-induced global climate warming
to 1.5°C by 2100 with a 50% probability.

DAMIP Medium-GHG Historical + Future Medium scenario forcing for Well-Mixed
GHGs only (CO,, CHy, N,O); all other forcers held constant.

Medium-aer Historical + Future Medium scenario forcing for Aerosols
only (Sulfur, BC); all other forcers held constant.

GeoMIP Goésulfur Stratospheric sulfur injection used to reduce GMST from the

High (H) scenario to match that of the Medium (M) scenario.



B.6 Sensitivity analyses

In this section, we examine the sensitivity of the optimization procedure
to changes in the emissions Initial Condition (IC), neural network emula-
tor architecture, and training features. Results in this section correspond
to CO,-only experiments; accompanying figures show the average per-
formance for both the baseline and optimized emulators tested across
all scenarios in the ScenarioMIP, DECK, and CS3 evaluation sets. We
tune our optimization hyperparameters (e.g., gradient step size and
momentum decay) to the sixteen-neuron, single-layer architecture opti-
mized from a constant initial condition with EMAs of five, thirty, and
one hundred years; this is the default configuration shown in the results
of the main text. We do not necessarily expect these hyperparameters to
be well-tuned for other architectures. We address the sensitivity of these
hyperparameters to architectural changes where relevant.

B.6.1 Sensitivity to initial condition

Figure B.1 illustrates the sensitivity of the optimization convergence rate
and resulting emissions time series to the choice of constant, Gaussian,
and sinusoidal ICs. The final structure of the optimized emissions time
series depends heavily on its initialization; all three ICs yield distinct
final trajectories. Despite this, every optimized emulator outperforms
the baseline, suggesting that there exists a set of scenarios that are better
suited for training than the baseline. This set is likely to be functionally
infinite in size, as stochastic perturbations during optimization generate
marginally different pathways for identical ICs (not shown). Although the
large-scale features of the optimized constant and Gaussian time series
differ, we observe similar small-scale features, such as rapid changes
in concavity. The sinusoidal emulator does not exhibit this behavior,
likely because such variations are inherent to the initialization structure.
Instead, the optimization targets the magnitude of each peak, breaking
the symmetry of the sinusoid. While all three ICs produce more skillful
emulators than the baseline, their relative convergence rates vary. The
constant IC converges most rapidly; the sinusoidal IC starts slowly, but
approaches the skill of the constant IC by the 1000th iteration. The
Gaussian IC yields a more skillful emulator initially, with performance
on par with the baseline, but it exhibits slower overall convergence. This
rate reduction is likely a consequence of the higher initial skill that results
in smaller gradients.

B.6.2 Sensitivity to architecture changes

Figures B.2 and B.3 show the sensitivity of both the optimization con-
vergence rate and resulting emissions time series to the choice of neural
network architecture; the former is initialized from a constant IC and
the latter from a sinusoidal IC. Architectural modifications alter the
skill of the baseline emulator, with single-layer configurations preferable
to double-layer ones. Furthermore, increasing the number of neurons
in single-layer configurations improves baseline predictive skill. The
constant IC exhibits high sensitivity to architectural changes, which
results in a lack of convergence relative to the primary architecture (a
single hidden layer with sixteen neurons). Specifically, the optimization
algorithm fails to converge for configurations with eight neurons or two
layers. This failure likely stems from the gradient’s sensitivity to archi-
tectural choices. Because the gradient descent hyperparameters remain
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Figure B.1: Top: trajectory of evaluation loss (NRMSE) during optimization compared across three ICs for the emissions time series:
(a) constant; (b) Gaussian (normally distributed in time); (c) sinusoidal with a period of 175 years. Emulators are evaluated on their
performance in reproducing SCM-projected GMST anomalies caused by CO;-only across all scenarios included in the ScenarioMIP,
DECK, and CS3 activities; see Table B.1 for scenario descriptions. The solid, dark blue line tracks emulator performance throughout the
optimization process, while the dashed, red line marks the lower bound of the baseline emulator error (evaluating performance on its
own training data). Bottom: evolution of emissions time series over 1000 iterations, corresponding to the ICs listed above.

fixed across architectures, they are ill-tuned for alternate configurations,
leading to slow or nonexistent convergence. Conversely, the emissions
time series derived from the sinusoidal IC displays less sensitivity to
architectural changes, suggesting that the gradients corresponding to
this IC are more robust to a wider range of conditions. Updates modify
the magnitude of the sinusoid’s peak while leaving the period nearly
unchanged across all four configurations. Larger networks require addi-
tional optimization iterations to converge; this observation indicates that
gradients may shrink as network size increases. The two-layer case may
suffer from the converse issue of exploding gradients, evidenced by rapid
error oscillations near the 100th update. This instability, likely driven by
stochasticity, stabilizes quickly. Future work can incorporate results from
machine learning literature regarding the origins and mitigation of such
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Figure B.2: Top: trajectory of evaluation loss (NRMSE) during optimization compared across four architectures for the neural network
emulator initialized from a constant initial condition: (a) a single hidden layer with eight neurons; (b) a single hidden layer with sixteen
neurons; (c) a single hidden layer with thirty-two neurons; (d) two hidden layers with sixteen neurons each. Emulators are evaluated on
their performance in reproducing SCM-projected GMST anomalies caused by CO»-only across all scenarios included in the ScenarioMIP,
DECK, and CS3 activities; see Table B.1 for scenario descriptions. The solid, dark blue line tracks emulator performance throughout the
optimization process, while the dashed, red line marks the lower bound of the baseline emulator error (evaluating performance on its
own training data). Bottom: evolution of emissions time series over 1000 iterations, corresponding to the architectures listed above.
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Figure B.3: Top: trajectory of evaluation loss (NRMSE) during optimization compared across four architectures for the neural network
emulator initialized from a sinusoidal initial condition: (a) a single hidden layer with eight neurons; (b) a single hidden layer with sixteen
neurons; (c) a single hidden layer with thirty-two neurons; (d) two hidden layers with sixteen neurons each. Emulators are evaluated on
their performance in reproducing SCM-projected GMST anomalies caused by CO;-only across all scenarios included in the ScenarioMIP,
DECK, and CS3 activities; see Table B.1 for scenario descriptions. The solid, dark blue line tracks emulator performance throughout the
optimization process, while the dashed, red line marks the lower bound of the baseline emulator error (evaluating performance on its
own training data). Bottom: evolution of emissions time series over 1000 iterations, corresponding to the architectures listed above.

B.6.3 Sensitivity to features

Figures B.4 and B.5 illustrate the sensitivity of optimization convergence
rate and resulting emissions time series to the choice of features; the
former is initialized from a constant IC and the latter from a sinusoidal IC.
Medium features (EMAs of thirty, fifty, and seventy years) yield superior
performance for the baseline emulator, although improvement relative
to long features (EMAs of fifty, one hundred, and two hundred years) is
negligible. Conversely, short features (EMAs of one, five, and ten years)
lead to the fastest convergence and highest skill for the constant IC emu-
lator. Both medium and long features exhibit slow initial convergence,
suggesting that this feature-IC combination produces small gradients.
These small gradients eventually amplify to facilitate optimization con-
vergence; the short and medium features surpass the skill of the baseline
emulator for the constant IC. As with the architectural sensitivity analysis,
the sinusoidal IC exhibits markedly lower sensitivity to the choice of
features and achieves consistent convergence patterns across all three
configurations. However, the initial error among the three sinusoidal
emulators varies; this suggests the optimal feature set correlates with
the period of the sinusoid. The structure of the resulting emissions time
series varies for both ICs across the different feature configurations. For
the constant IC, both short and medium-length features yield time series
with a combination of high- and low-frequency variations. In contrast,
long features result in a time series with minimal variation accompanied
by the lowest rate of convergence. This behavior indicates that these
features are less informative for the constant IC. The sinusoidal case
displays the opposite behavior; long features induce high-frequency
changes in the optimized time series, whereas short features result in
low-frequency changes. Medium features drive more consistent and
substantial changes throughout the optimization process, which implies
the presence of larger gradients relative to this feature set.
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Figure B.4: Top: trajectory of evaluation loss (NRMSE) during optimization compared across three sets of features for the neural network
emulator initialized from a constant initial condition: (a) short - EMAs of one, five, and ten years; (b) medium - EMAs of thirty, fifty,
and seventy years; (c) long - EMAs of fifty, one hundred, and two hundred years. Emulators are evaluated on their performance in
reproducing SCM-projected GMST anomalies caused by CO»-only across all scenarios included in the ScenarioMIP, DECK, and CS3
activities; see Table B.1 for scenario descriptions. The solid, dark blue line tracks emulator performance throughout the optimization
process, while the dashed, red line marks the lower bound of the baseline emulator error (evaluating performance on its own training
data). Bottom: evolution of emissions time series over 1000 iterations, corresponding to the features listed above.
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Figure B.5: Top: trajectory of evaluation loss (NRMSE) during optimization compared across three sets of features for the neural network
emulator initialized from a sinusoidal initial condition: (a) short - EMAs of one, five, and ten years; (b) medium - EMAs of thirty, fifty,
and seventy years; (c) long - EMAs of fifty, one hundred, and two hundred years. Emulators are evaluated on their performance in
reproducing SCM-projected GMST anomalies caused by CO»-only across all scenarios included in the ScenarioMIP, DECK, and CS3
activities; see Table B.1 for scenario descriptions. The solid, dark blue line tracks emulator performance throughout the optimization
process, while the dashed, red line marks the lower bound of the baseline emulator error (evaluating performance on its own training
data). Bottom: evolution of emissions time series over 1000 iterations, corresponding to the features listed above.

B.7 Extended results

Figure B.6 summarizes the full results for the individual forcing exper-
iments (e.g., CO,-only, CHs-only) introduced in the main text. While
the main text provides an in-depth discussion of the CO,-only results,
this section focuses on the other forcing agents. The figure illustrates the
difference in emulator performance between the baseline and optimized
configurations; positive values indicate an increase in performance rel-
ative to the baseline, while negative values indicate a decrease. Each
configuration corresponds to a different optimization target (e.g., Opt.
Priority 1 corresponds to optimizing over all of ScenarioMIP-CMIP7
Priority 1).

As in the CO,-only case, optimizing over all scenarios leads to increased
performance over all scenarios simultaneously, rather than overfitting
to a specific scenario type. However, the increase in average perfor-
mance varies across forcing agents; BC exhibits the largest improvements,



whereas sulfur shows the smallest. The ability of the optimized emulators
to generalize across the full set of scenario structures suggests that the
training data are more informative overall. In all cases except sulfur,
the optimization improves skill across Priority 1; a separate discussion
of sulfur follows below. Optimizing for performance over the DECK
decreases predictive skill when emulating the other scenario sets. This
result is expected because the DECK scenarios are structurally dissimilar
to the others. Furthermore, the small sample size (two scenarios) fails
to provide the optimizer with sufficient information regarding the most
generally informative features. A similar phenomenon occurs when op-
timizing over CS3, wherein the small number of scenarios (two) leads
to overfitting and a subsequent loss of extrapolative skill for CHg, N>O,
and sulfur. In contrast, black carbon-only scenarios show improvement
in all cases. This suggests that the baseline emulator configuration is ill-
suited for capturing BC behavior. Changes to baseline emulator features
and/or architecture may decrease the performance gap to the optimized
emulator in this instance.

One experiment is notable within this suite: optimizing over Priority
2 in the CHj-only case. Here, performance improvements relative to
the baseline were unattainable on any evaluation set, a result similar to
the sulfur-only experiments. Further investigation revealed two primary
factors causing this result. First, the baseline emulator is well-tuned
for these specific methane scenarios. Second, this optimization target is
ill-conditioned for methane and exhibits high sensitivity to changes in
all optimization hyperparameters. The state-dependence of atmospheric
lifetime of methane may be the source of this ill-conditioning, as Priority
2 contains more long-duration scenarios than any other evaluation set.
The nonlinear lifetime of methane therefore plays a larger role, and
small changes in the optimized time series may lead to vastly different
representations of this behavior. As a result, the optimizer oscillates
between solutions and fails to find the global minimum. Despite this,
adding more scenarios (i.e., optimizing over all datasets) resolves the issue,
highlighting the importance of scenario diversity in the optimization
process.

Although performance for the sulfur-only optimized emulator falls below
the baseline more frequently than the other forcing agents, this result
stems from the high skill of the baseline emulator rather than a failure
of the optimization process. Unlike CO, or CHy, which exhibit complex,
nonlinear atmospheric residence times dependent on concentrations
and temperature, forcing the SCM solely with sulfur yields temperature
anomalies that are approximately linear in sulfur and respond almost
instantaneously. Because this input-output mapping is structurally simple,
the standard ScenarioMIP-CMIP7 baseline data already provides enough
information for the emulator to learn the underlying physical relationship.
Asaresult, the baseline emulator is effectively near its performance ceiling,
leaving negligible margin for improvement via data optimization.
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Appendices for Chapter 3

C.1 Statistical significance testing

To formally assess whether climate outcomes between policy scenarios
are statistically distinguishable, we evaluate the null hypothesis (Hp) that
the mean (u) of the anomaly distribution at a given spatial location s does
not shift between two scenarios (e.g., Reference vs. 1.5°C). The alternative
hypothesis (H;) asserts that the means are statistically distinguishable:

Hpy: HRef, s = U155 VS. H,: URef,s # H15,5- (C1)

To account for the multiple hypothesis testing problem inherent in grid-
cell-wise comparisons, we apply the Benjamini-Hochberg procedure
to control the False Discovery Rate (FDR)****%. We calculate p-values
from all m grid cells using an independent two-sample ¢ test for each
distribution. We then sort them in ascending order (p(1) < pp) < -+ <
P(m)) and identify the largest rank k that satisfies the condition:

k
P < Eaglobalr (C2)

where agobal is the target global significance level (0.05). We reject the
null hypothesis for all grid cells corresponding to p-values p(;) through
P(x)- This ensures that the expected proportion of false rejections among
the rejected hypotheses remains below agjobal-

C.2 Additional results

C.2.1 Daily wet-bulb temperature standard deviation

We calculate daily wet-bulb temperatures using the same approximation
from Stull (2011)'** as the monthly averaged values. However, we take
these daily data directly from the MPI-ESM1-2-LR piControl experimental
output, rather than emulating it. From these data, we calculate the average
daily standard deviation for each month. Figure C.1 shows the regional
mean summer daily wet-bulb temperature standard deviation against
the regional cumulative wet-bulb degree-days above 25°C emulated in
Section 3.2.3. We see that some regions have a summer wet-bulb tempera-
ture standard deviation as high as 3°C, though these regions are typically
not exhibiting monthly-average wet-bulb temperatures above 25°C. The
most dangerous regions are those that both exhibit high monthly-average
wet-bulb temperature and a high daily summer standard deviation (e.g.,
CNA, ENA, WCA, ARP, EAS). In these regions, we expect daily wet-
bulb temperatures to frequently exceed safe thresholds (e.g., 28°C or
potentially 31°C).

C.1 Statistical significance
testing............ 119

C.2 Additional results . ... 119

236 Wilks, 2006; 2% Wilks, 2016

134 gtull, “Wet-Bulb Temperature from

Relative Humidity and Air Temperature’,
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Figure C.1: Mean summer daily wet-bulb temperature standard deviation plotted against cumulative wet-bulb degree-days over 25°C
for all IPCC ARG regions. Inset map provides a visual reference for IPCC ARG6 regions. Northern Hemisphere (NH) summer (JJA) is
given in red and Southern Hemisphere (SH) summer (DJF) is given in blue.

C.2.2 Additional benchmarking results

Fig. C.2 illustrates results for benchmarking the generative emulator
against the baseline IGSM pattern scaling approach for the Reference
scenario at the end of the century (2090-2100). As was the case with the
mid-century results presented in the main text, the generative emulator
is consistent with the baseline technique in reproducing mean clima-
tological states. Discrepancies between the two approaches primarily
stem from the baseline method reproducing high-resolution ESM data,
features of which are retained even when regridding to match the lower
resolution of the generative emulator.
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List of terms

A
AD Automatic Differentiation.

B
BC Black Carbon.

C
CGE Computable General Equilibrium.
CMIP the Coupled Model Intercomparison Project.

CMIP6 the sixth phase of the Coupled Model Intercom-

parison Project.

CMIP7 the seventh phase of the Coupled Model Intercom-

parison Project.
CONUS Continental United States.
CS3 MIT Center for Sustainability Science and Strategy.

D
DAMIP Detection and Attribution MIP.
DMD Dynamic Mode Decomposition.

E

EDMD Extended DMD.

EMA Exponential Moving Average.

EMIC Earth system Model of Intermediate Complexity.
EPPA Emissions Prediction and Policy Analysis.

ESM Earth System Model.

F
FaIR Finite Amplitude Impulse Response.
FDR False Discovery Rate.

FDT Fluctuation Dissipation Theorem.

G
GeoMIP Geoengineering MIP.
GMST Global Mean Surface Temperature.

I

IAM Integrated Assessment Model.

IC Initial Condition.

IGSM Integrated Global Systems Model.

IPCC Intergovernmental Panel on Climate Change.

M

MESM MIT Earth System Model.
MIP Model Intercomparison Project.
ML Machine Learning.

MLP Multi-Layer Perceptron.

MSE Mean Squared Error.

N
NRMSE Normalized Root Mean Square Error.

P
PNA Pacific-North American.

S

SCM Simple Climate Model.

SGD Stochastic Gradient Descent.
SSP Shared Socioeconomic Pathway.

A%
VPD Vapor Pressure Deficit.

w
WBDD Wet-Bulb Degree-Days.
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